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ABSTRACT
The hydrodynamical interaction between freely expanding supernova ejecta and a relativistic wind
injected from the central region is studied in analytic and numerical ways. As a result of the collision
between the ejecta and the wind, a geometrically thin shell surrounding a hot bubble forms and
expands in the ejecta. We use a self-similar solution to describe the early dynamical evolution of the
shell and carry out a two-dimensional special relativistic hydrodynamic simulation to follow further
evolution. The Rayleigh-Taylor instability inevitably develops at the contact surface separating the
shocked wind and ejecta, leading to the complete destruction of the shell and the leakage of hot gas
from the hot bubble. The leaking hot materials immediately catch up with the outermost layer of
the supernova ejecta and thus different layers of the ejecta are mixed. We present the spatial profiles
of hydrodynamical variables and the kinetic energy distributions of the ejecta. We stop the energy
injection when a total energy of 1052 erg, which is 10 times larger than the initial kinetic energy of the
supernova ejecta, is deposited into the ejecta and follow the subsequent evolution. From the results of
our simulations, we consider expected emission from supernova ejecta powered by the energy injection
at the centre and discuss the possibility that superluminous supernovae and broad-lined Ic supernovae
could be produced by similar mechanisms.
Keywords: hydrodynamics – supernova: general – gamma rays: bursts
1. INTRODUCTION
A recently found special class of supernovae (SNe) pro-
ducing 10-100 times brighter emission than normal su-
pernovae is called superluminous supernovae (SLSNe)
and poses a big theoretical challenge in explaining their
origin (see, Gal-Yam 2012, for review). SLSNe lacking
any hydrogen feature in their spectra are classified as
type-I SLSNe (SLSNe-I) in an analogy to the classifica-
tion scheme for normal SNe (Quimby et al. 2007; Barbary
et al. 2009; Pastorello et al. 2010; Quimby et al. 2011;
Chomiuk et al. 2011). Their spectral features suggest
that they probably originate from massive stars having
lost their hydrogen- and helium-rich layers. However, the
mechanism to produce the tremendous amount of radia-
tion observed for these enigmatic events is still unclear.
Among their characteristic features, the rarity and
the preference to extreme environments may hint at
their origin. The volumetric rate of SLSNe-I has in-
dependently been measured by several groups. From
the SLSN samples found by Robotic Optical Transient
Search Experiment-IIIb (ROTSE-IIIb) telescope obser-
vations, Quimby et al. (2013) measured the SLSN-I vol-
umetric rate at z ' 0.17 to be 32+77−26 yr−1 Gpc−3. In
the samples of Supernova Legacy Survey (Astier et al.
2006) found in 2003-2008, Prajs et al. (2016) identified
three SLSNe around z ∼ 1, including two samples hav-
ing been reported previously (Howell et al. 2013). They
calculated the volumetric rate of SLSNe-I at z ∼ 1 to be
91+76−36 yr
−1 Gpc−3. These rates are significantly smaller
than those of normal stripped-envelope core-collapse SNe
at the corresponding redshifts. Pan-STARRS1 observa-
tions of SLSNe-I (McCrum et al. 2015) did not measure
the volumetric rate, but they estimated the relative rate
to normal core-collapse SNe to be between 3+3−2 × 10−5
and 8+2−1 × 10−5.
Recent observations of host galaxies of SLSNe-I re-
vealed that they tend to occur in dwarf galaxies with
high specific star formation rates and low metallicity
(Neill et al. 2011; Lunnan et al. 2014; Leloudas et al.
2015; Chen et al. 2016). The first systematic study of
SLSNe-I host galaxies by Lunnan et al. (2014) indicates
that they have a lot in common with galaxies hosting
long-duration gamma-ray bursts (GRBs). Leloudas et al.
(2015) reported that a considerable fraction of SLSNe-
I host galaxies is classified as Extreme Emission Line
Galaxies, which exhibit strong emission lines, e.g., [O III],
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2in their spectra (Atek et al. 2011). They argued that
the progenitor system producing SLSNe-I must be closely
linked with star-forming activity in metal-poor environ-
ments.
In addition to their still enigmatic origin, the high
brightness of SLSNe makes them even more attractive for
astronomers because they could be detected at the high-
z universe. Simulations of the detectability of SLSNe
at the high-z universe (Tanaka et al. 2012, 2013) pre-
dicted that currently ongoing and upcoming surveys,
such as Subaru/Hyper Suprime-Cam (Miyazaki et al.
2012), Euclid, The Wide-Field Infrared Survey Telescope
(WFIRST), and Wide-field Imaging Surveyor for High-
redshift (WISH), would further increase the number of
SLSN detections. Cooke et al. (2012) actually discov-
ered two possible SLSNe at redshifts z = 2.1 and 3.9.
Inserra & Smartt (2014) analysed their SLSNe-I samples
and claimed that SLSNe-I can be used as a distant indi-
cator at the high-z universe. The preference for extreme
environments and the high brightness of SLSNe strongly
indicate their potential to probing star-forming activity
at the high-z universe.
From theoretical points of view, several scenarios for
possible energy sources of SLSNe-I have been proposed.
Widely-discussed scenarios are the radioactive decay of
56Ni produced in pair-instability supernovae (PISNe),
the interaction between supernova ejecta and dense hy-
drogen deficit circum-stellar media (CSM), and an addi-
tional energy injection from a compact remnant. First,
massive stars with initial masses of ∼ (140−300) M can
be dynamically unstable by creating electron-positron
pairs at the core, leading to the complete disruption of
the star (Barkat et al. 1967; Rakavy & Shaviv 1967;
Heger & Woosley 2002). Some luminous events have
been claimed to be powered by radioactive decay of 56Ni
abundantly produced in the explosion (e.g. Gal-Yam et
al. 2009). Next, in the CSM interaction models, colli-
sions between supernova ejecta and a dense CSM or a
shell having been ejected from the progenitor star lead
to efficient shock heating, giving rise to bright emission.
The dense material surrounding the exploding star can
be provided by a stellar wind at a high mass-loss rate
(Chevalier & Irwin 2011) or pulsational pair-instability
prior to the explosion (Woosley et al. 2007; Chatzopou-
los & Wheeler 2012; Yoshida et al. 2016). Finally, the
compact object left in the supernova ejecta can also sup-
ply the expanding ejecta with an additional energy. The
energy injection may be realized by a new-born rapidly
rotating magnetized neutron star through its spin-down
(Kasen & Bildsten 2010; Woosley 2010; see also Ostriker
& Gunn 1971; Shklovskii 1976; Maeda et al. 2007) or ac-
cretion onto a stellar mass black hole (Dexter & Kasen
2013).
Light curve and spectral modellings have been exten-
sively carried out for these scenarios, PISNe (Kasen et al.
2011; Dessart et al. 2012, 2013; Kozyreva et al. 2014a,b;
Kozyreva & Blinnikov 2015), CSM interaction (Woosley
et al. 2007; Smith & McCray 2007; Chevalier & Irwin
2011; Ginzburg & Balberg 2012; Moriya et al. 2013;
Dessart et al. 2015; Sorokina et al. 2016), and magne-
tar energy injection (Kasen & Bildsten 2010; Dessart et
al. 2012). One-zone analytic light curve models integrat-
ing these three energy reservoirs have been formulated
(e.g. Chatzopoulos et al. 2012) and applied to observed
light curves of SLSNe-I in comprehensive ways (Inserra et
al. 2013; Chatzopoulos et al. 2013; Nicholl et al. 2015a).
These studies revealed that at least some SLSNe-I are
unlikely to be powered by 56Ni due to their relatively
short durations, high brightness, and absence of expo-
nential tails in their light curves. In addition, the dis-
covery of the brightest SLSN, ASASSN-15lh (Dong et
al. 2016), has invoked active debates on its energy reser-
voir (Metzger et al. 2015; Bersten et al. 2016; Dai et al.
2016; Sukhbold & Woosley 2016; Kozyreva et al. 2016),
although this event is suspected to be a tidal disruption
event (see discussions in Godoy-Rivera et al. 2016; Brown
et al. 2016; Leloudas et al. 2016; Margutti et al. 2016)
Another key issue is the connection between SLSNe-I
and ultra-long GRBs. A population of GRBs with excep-
tionally long duration, T90 ' 103-104 s, has been iden-
tified and is termed ultra-long GRBs (see, e.g., Levan
et al. 2014). Recently, Greiner et al. (2015) reported
that a supernova-like transient, which was named SN
2012kl, was associated with the afterglow of the ultra-
long GRB 111209A. SN 2012kl was found to be at least
three times more luminous than other energetic SNe as-
sociated with GRBs. The high peak luminosity and rel-
atively short duration, several 10 days, are difficult to
explain in the standard 56Ni powered emission model,
making this event another candidate for SNe with an
additional energy supply.
Therefore, investigations on supernova ejecta with a
central engine are of crucial importance in revealing the
origin of SLSNe-I and the mechanism responsible for
their bright emission. The dynamical evolution of ex-
panding supernova ejecta with an additional energy in-
jection at the centre has been considered for a long time,
in the context of the evolution of a pulsar wind nebula
embedded in an SN remnant (e.g., Reynolds & Cheva-
lier 1984; Chevalier 1984; Kennel & Coroniti 1984; Jun
1998; van der Swaluw et al. 2001; Blondin et al. 2001;
see Gaensler & Slane 2006 for review). In these stud-
ies, the total amount of the deposited energy is usually
less than the explosion energy of the SN. On the other
hand, for SLSNe-I, the energy injected from the central
engine should eventually overwhelm the kinetic energy
of the supernova ejecta because the total radiated en-
ergy of SLSNe often reaches 1051 erg. Although sev-
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eral studies in this regime have been carried out (e.g.
Kasen & Bildsten 2010), most of them assume spherical
symmetry and thus some multi-dimensional effects could
be overlooked. One-dimensional calculations show that
the energy injection at the bottom of supernova ejecta
leads to the formation of a geometrically thin shell in
the ejecta. However, multi-dimensional hydrodynamic
simulations of supernova remnants with pulsar wind neb-
ulae (Jun 1998; Blondin et al. 2001) have revealed that
the Rayleigh-Taylor instability develops around the in-
terface between the nebula and the supernova ejecta,
which modifies the internal structure of the ejecta. In
addition, a thin shell surrounded by a couple of shock
fronts is known to be subjected to a variety of hydrody-
namic instabilities, such as Richtmyer-Meshkov instabil-
ity (Richtmyer 1960; Meshkov 1972) and non-linear thin
shell instability (Vishniac 1994). Furthermore, the en-
ergy injection may be realized in aspherical ways. In the
context of GRBs, some studies have considered central
engine activities after supernova ejecta have been created
(e.g. Vietri & Stella 1998). In such situation, the energy
injection is realized by the launch of a highly collimated
jet or an outflow. Lyutikov (2011) analytically investi-
gated the launch of a bipolar outflow and the propagation
of the blast wave in supernova ejecta.
Particularly, in the magnetar spin-down scenario, the
gas injected from the magnetized neutron star into the
supernova ejecta is likely to be relativistic as in the case
of pulsar wind nebulae. Rapidly rotating and highly
magnetized neutron stars are also possible acceleration
sites of ultrahigh energy cosmic-rays and therefore have
received a lot of attention (Blasi et al. 2000; Arons 2003;
Murase et al. 2009; Fang et al. 2012, 2013; Kotera et
al. 2015; see Kotera & Olinto 2011 for review). The hy-
drodynamic interaction between the wind and the sur-
rounding supernova ejecta has a significant influence on
how highly energetic photons, electrons, positrons, and
ions likely produced in the magnetosphere of the neu-
tron star escape into the interstellar space. Arons (2003)
pointed out that the Rayleigh-Taylor instability devel-
oping around the interface between the wind and the
supernova ejecta could create low-density channels con-
necting the inner and outer regions in the ejecta, through
which high-energy particles can easily escape into the
interstellar space. Therefore, the dynamical evolution
of the supernova ejecta powered by a relativistic wind
is of crucial importance in revealing the escape fraction
of high-energy particles from the surrounding supernova
ejecta.
Recently, Chen et al. (2016) performed 2D non-
relativistic hydrodynamic simulations of supernova
ejecta with an additional energy injection. Their results
clearly indicate that the energy injection results in the
destruction of the shell and the efficient mixing of lay-
ers having been stratified in the ejecta. In their simula-
tions, gas injected at the centre of the supernova ejecta
travels at non-relativistic speeds. However, the energy
deposition from the compact object may be realized as
an injection of relativistic gas in a similar way to pul-
sar winds. Furthermore, they stopped their calculations
shortly after the shell is destroyed and did not follow the
further evolution leading to the complete mixing of the
ejecta and the injected gas.
In this study, we consider the dynamical evolution of
supernova ejecta with an additional energy injection from
a central compact object in the form of a relativistic
wind. We develop a one-dimensional semi-analytic model
based on self-similar solutions. Furthermore, we perform
a numerical simulation by using our 2D special relativis-
tic hydrodynamics code to reveal how the injected energy
is distributed throughout the ejecta. This paper is organ-
ised as follows. In Section 2, we describe our assumptions
on the supernova ejecta and the relativistic wind. In Sec-
tion 3, we present a semi-analytic model describing the
interaction between the wind and the ejecta with spher-
ical symmetry. We perform a hydrodynamic simulation
to investigate further evolution of the system. The setup
and results of the numerical simulation are described in
Section 4 and 5. In Section 6, we discuss the poten-
tial of the engine-powered supernova ejecta in producing
bright emission and examine the possibility that SLSNe-
I and broad-lined Ic SNe originate from supernova ejecta
powered by a central engine. Finally, we summarise our
study in Section 7. We describe the derivation of the self-
similar solution in Appendix A and our numerical code
in Appendix B. We adopt the unit c = 1, where c is the
speed of light unless otherwise noted.
2. SUPERNOVA EJECTA AND RELATIVISTIC GAS
INJECTION
2.1. Ejecta Profile
The supernova ejecta are assumed to be expanding
originally in a spherical and homologous way, i.e., the ra-
dial velocity is proportional to the radius R (we denote
the distance from the origin or the radius in spherical
geometry by the capital letter R, while the radial coor-
dinate in cylindrical geometry by r). Thus, the velocity
profile at time t is given by
v(t, R) =
{
R/t for R ≤ vejt,
0 for vejt < R,
(1)
where vej denotes the maximum velocity of the ejecta.
We adopt the following widely used density profile (e.g.
Truelove & McKee 1999). The ejecta are composed of
two components, the inner one with a shallow density
gradient (referred to as the “inner ejecta”) and the outer
one with a steep density gradient surrounding the in-
4ner ejecta (referred to as the “outer ejecta”). The den-
sity structures of both components are characterized by
power-law functions of the velocity, ρ ∝ v−m for the in-
ner ejecta and ρ ∝ v−n for the outer ejecta. We assume
that the slope m for the inner ejecta is smaller than 3 so
that the mass of the inner ejecta does not diverge. By
introducing a parameter wc, the location of the interface
between the inner and outer ejecta in the velocity coor-
dinate is specified as v = wcvej. Therefore, the density
profile is described as follows,
ρ(t, R) =

f3Mej
4piω3cv
3
ejt
3
(
R
wcvejt
)−m
for R ≤ wcvejt,
f3Mej
4piω3cv
3
ejt
3
(
R
wcvejt
)−n
for wcvejt < R ≤ vejt,
0, for vejt < R,
(2)
with a numerical factor fl given by,
fl =
(n− l)(l −m)
n−m− (l −m)wn−lc
. (3)
The integration of 4pir2ρ(t, R) with respect to the radius
R from 0 to vt gives the mass M(v) of the ejecta travel-
ling at velocities slower than v,
M(v) =
∫ vt
0
4piR2ρ(t, R)dR
=

f3Mej
3−m
(
v
wcvej
)3−m
for v ≤ wcvej,
f3Mej
3−n
[(
v
wcvej
)3−n
− n−m3−m
]
forwcvej < v.
(4)
Thus, he masses, Minner and Mouter, of the inner and
outer ejecta are given by
Minner =
n− 3
n−m− (3−m)wn−3c
Mej, (5)
and
Mouter =
3−m− (3−m)wn−3c
n−m− (3−m)wn−3c
Mej. (6)
In a similar way, the kinetic energy of the ejecta slower
than v is obtained as follows,
E(v) = 2pi
∫ vt
0
ρ(t, R)v2R2dR
=

f3Mejv
2
ejω
2
c
2(5−m)
(
v
ωcvej
)5−m
for v ≤ ωcvej,
f3Mejv
2
ejω
2
c
2(5−n)
[(
v
ωcvej
)5−n
− n−m5−m
]
forωcvej < v.
(7)
The total kinetic energy of the ejecta is given by Esn =
E(vej). For a small wc and a large n, the numerical con-
stants f3 and f5 weakly depend on the value of wc. The
break velocity wcvej dividing the inner and outer parts
of the ejecta is obtained for a given set of the mass Mtot,
the kinetic energy Esn, and the parameters specifying the
density structure of the ejecta as follows,
wcvej =
√
2f5Esn
f3Mej
. (8)
We note that the break velocity does not depend on the
parameters m and n so much, as long as wc is small.
Thus, the ratio between the mass Mtot and the kinetic
energy Esn are the dominant factor determining the ve-
locity of the expansion.
The gas in the ejecta is initially assumed to be cold, i.e.,
the pressure is negligibly small. We carry out the follow-
ing semi-analytic and numerical calculations by assuming
that the ejecta is still tightly coupled with radiation and
thus adopt an ideal gas equation of state with an adia-
batic index of 4/3. In the following, we set Esn = 10
51
erg and Mej = 10 M.
2.2. Injection of Relativistic Gas
After the formation of the freely expanding ejecta, a
central compact remnant, a new-born neutron star or a
black hole, starts depositing energy into the ejecta via
some mechanism. For both scenarios, the energy is gen-
erally deposited in a region whose physical scale is much
smaller than that of the ejecta. Thus, the energy density
of the injected gas would soon be dominated by the ki-
netic energy as the gas expands even when it is initially
dominated by the internal energy. We simply assume
that the energy is deposited at a constant rate L in a
spherical manner. Specifically, we focus on the case in
which the energy deposition is realized as an injection of
relativistic gas. In other words, the internal energy of
the injected gas is much larger than its rest-mass energy.
The ratio Γcr of the energy injection rate to the mass
injection rate M˙ ,
Γcr =
L
M˙
, (9)
is assumed to be larger than unity. In practice, we as-
sume that the relativistic gas is uniformly injected within
an injection radius Rin, which is a small fraction of the
physical scale of the ejecta. The initial velocity of the gas
is set to zero. The injected gas radially expands at the
expense of its internal energy. Thus, the kinetic energy
of the gas soon dominates its total energy. As a result,
the flow becomes highly relativistic at distances far from
the injection radius. Since the energy flux of the flow
is dominated by the kinetic one, the following relation
between the density ρ, the velocity v, and the Lorentz
factor Γ = (1 − v2)−1/2 of the gas and the energy injec-
tion rate holds at R,
L
4piR2
= ρΓ2v. (10)
In particular, when the Lorentz factor reaches the termi-
nal value given by Γcr, the density is inversely propor-
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tional to the square of the radius ρ ∝ R−2, corresponding
to a simple steady wind solution.
Furthermore, the timescale required for the total
amount of the injected energy to reach the kinetic en-
ergy Esn of the ejecta is defined as follows,
tc =
Esn
L
. (11)
We use this timescale to normalise time t.
3. EVOLUTION OF SPHERICALLY SYMMETRIC
SHELL
In this section, we consider the hydrodynamical inter-
action of the ejecta and the relativistic wind with spher-
ical symmetry. The expanding relativistic gas immedi-
ately sweeps the innermost layer of the ejecta and creates
a hot bubble surrounded by a geometrically thin shell.
The bubble is composed of the shocked relativistic wind,
while the shell is the ejecta swept and compressed by
the forward shock propagation. The formation and ex-
pansion of the shell and the hot bubble have also been
discussed in the context of the interaction between a pul-
sar wind nebula and supernova ejecta by earlier studies
and there are several analytic studies focusing on its dy-
namical evolution (e.g. Ostriker & Gunn 1971; Chevalier
1977, 1984; Chevalier & Fransson 1992; Jun 1998). The
total mass of the gas injected as a wind is usually much
smaller than that of the supernova ejecta, leading to the
reverse shock front with a radius much smaller than that
of the contact surface separating the shocked wind and
the shocked ejecta. Therefore, the bubble fills a consid-
erable fraction of the volume surrounded by the contact
surface. On the other hand, the forward shock front is
close to the contact surface. Thus, the supernova ejecta
swept by the forward shock, which we refer to as the
shell, becomes geometrically thin. In order for the en-
ergy injection to power supernova light curves, most of
the additional energy well exceeding the explosion energy
of the supernova should be deposited while the supernova
ejecta are still tightly coupled to photons. Thus, the adi-
abatic index of 4/3 would be appropriate instead of 5/3,
which is usually used for supernova remnants harbour-
ing pulsar wind nebulae. In the following, we describe
the dynamical evolution of the shell and the hot bubble
partly based on these earlier works but we modify them
to match our assumption of the relativistic gas injection.
3.1. Expanding Hot Bubble
The relativistic wind is terminated by a reverse shock
at R = Rrs. Since we consider massive ejecta, Msn >
1M, the average velocity of the ejecta cannot be rel-
ativistic even when an energy 10 times larger than the
kinetic energy of the ejecta itself, Etot = 10
52 erg, is de-
posited into the ejecta,
√
2Etot/Mej < 0.1c. Thus, the
reverse shock also travels at non-relativistic speeds.
We denote the velocities of the reverse shock and the
flow in the downstream of the reverse shock front by vrs
and vd. From the shock jump condition, these veloci-
ties and the upstream velocity vw satisfy the following
relation,
γ
γ − 1ΓwΓ
2
d(vw − vd)(vd − vrs)
= Γw(1− vwvrs)− Γd(1− vdvrs), (12)
where Γw = (1 − v2w)−1/2 and Γd = (1 − v2d)−1/2 are
the Lorentz factors corresponding to the velocities, vw
and vd. Assuming that the upstream velocity is ultra-
relativistic and much faster than the downstream veloc-
ity, Γw  Γd and vw ' 1, and the shock velocity is
much smaller than the downstream velocity, vrs  vd,
the downstream velocity is found to be
vd ' γ − 1 = 1
3
. (13)
The pressure pd of the post-shock gas is also obtained
from the shock jump condition,
pd = ρwΓ
2
w
(vw − vd)(vw − vrs)
1− vdvrs , (14)
where ρw is the density of the relativistic wind at the
reverse shock.
When the reverse shock radius is much larger than the
injection radius, Rrs  Rin, the total energy of the rela-
tivistic gas is dominated by its kinetic energy at the re-
verse shock front and thus the relation (10) can be used.
Then, the post-shock pressure leads to
pd ' (2− γ)L
4piR2rsvw
. (15)
We should note that this expression depends very weakly
on the Lorentz factor of the wind as long as a highly
relativistic wind velocity, vw ' 1, is assumed.
In a similar way, the density ρd of the post-shock gas
is obtained as follows,
ρd ' ρw Γwvw
Γdvd
'
√
γ(2− γ)L
4pi(γ − 1)R2rsΓwvw
. (16)
Therefore, the internal energy density dominates over the
rest-mass energy density, pd/ρd ∼ Γw.
Finally, we derive the temporal evolution of the pres-
sure averaged over the shocked region. The internal en-
ergy injected into the shocked gas through the reverse
shock front per unit time is the product of the surface
area 4piR2rs and the internal energy flux pdvd/(γ − 1).
On the other hand, the shocked gas loses its internal en-
ergy by adiabatic cooling. Therefore, from the first law
of thermodynamics, one obtains the following differential
equation governing the temporal evolution of the internal
energy Eth in the shocked region,
dEth
dt
= (2− γ)L− (γ − 1)Eth
Vc
dVc
dt
, (17)
6where Vc is the volume of the shocked gas,
Vc =
4pi
3
(R3c −R3rs), (18)
and Rc is the radius of the contact discontinuity. Here we
assume that the volume of the unshocked wind is much
smaller than that of the region surrounded by the contact
discontinuity, R3rs  R3c , and approximate the volume
Vc as that of a sphere with the radius Rc, Vc ' 4piR3c/3.
Thus, the first law of thermodynamics is rewritten as
follows,
d
dt
[
EthR
3(γ−1)
c
]
= (2− γ)LR3(γ−1)c . (19)
Assuming that Rc is proportional to a power of time
t with an exponent α, Rc ∝ tα, Equation (19) can be
integrated as follows,
Eth =
2− γ
1 + 3α(γ − 1)Lt. (20)
Thus, the average pressure in the shocked region is found
to be,
pb =
3(γ − 1)Eth
4piR3c
=
3(γ − 1)(2− γ)
1 + 3α(γ − 1)
Lt
4piR3c
. (21)
3.2. Self-similar Solution
The profiles of hydrodynamical variables, the velocity,
the density, and the pressure of the gas in the shocked
ejecta are well described by the self-similar solutions pre-
sented by Chevalier (1977, 1984) and Jun (1998), who
considered the propagation of a strong shock wave in
freely expanding spherical ejecta with power-law density
profiles. Appendix A provides the derivation of the solu-
tions in detail.
The radii of the forward shock and the contact discon-
tinuity evolve according to the same dependence of time
t,
Rfs = At
α, (22)
and
Rc = ξcAt
α, (23)
where the exponent α is determined from the time depen-
dence of the pressure of the hot bubble and expressed in
terms of the exponent m of the power-law density profile,
α =
6−m
5−m. (24)
The normalisation constant A is determined so that the
pressure of the solution at the contact discontinuity is
equal to that of the hot bubble pb,
A =
{
3(γ − 1)(2− γ)L
α2γ[1 + 3α(γ − 1)]ξ3cηc(wcvej)m−3f3Mej
}1/(5−m)
.
(25)
The two dimensionless constants ξc and ηc appearing in
these expressions are determined by numerically solving
Table 1. Dimensionless Constants Derived from the
Self-similar Solution
m α ξc ηc
0 1.2 0.9875 0.09993
1 1.25 0.9849 0.1706
2 1.333 0.9810 0.3931
the dimensionless equations of the self-similar solution.
The former ξc gives the ratio of the radius of the contact
discontinuity to that of the forward shock, ξc = Rc/Rfs
and its value is slightly smaller than unity, reflecting that
the shell is geometrically thin. The latter ηc stands for
the value of the dimensionless pressure at the contact
discontinuity. The numerical values for m = 0, 1, and 2
are presented in Table 1.
3.2.1. Breakout of Hot Bubble
The self-similar solution can only be applied until the
forward shock reaches the interface separating the inner
and outer ejecta. After the emergence of the forward
shock from the interface, the forward shock accelerates
according to the steep density gradient of the outer ejecta
and therefore the assumption of the uniform pressure
throughout the whole reverse shocked region is not jus-
tified. The time tbr when the shock front reaches the
interface at r = wcvejt is obtained by equating the po-
sitions of the shock front and the interface at t = tbr,
Atαbr = wcvejtbr, which yields
tbr =
(wcvej
A
)5−m
= fbrtc, (26)
with
fbr =
2α2γ[1 + 3α(γ − 1)]ξ3cηcf5
3(γ − 1)(2− γ) . (27)
This dimensionless coefficient depends only on the free
parameters specifying the structure of the ejecta, ωc, m,
and n. The numerical values for several sets of the free
parameters are presented in Table 2. Furthermore, the
energy having been deposited until t = tbr is given by
Ltbr = fbrEsn and proportional to the kinetic energy
of the ejecta. Thus, as long as the total energy Etot
supposed to be injected from the central engine is larger
than Ltbr and the coupling between gas and radiation in
the ejecta remains strong to prevent the injected energy
leaking as radiation, the blast wave can always reach the
interface while the energy injection is still ongoing.
Taking ejecta with m = 1, n = 10, and wc = 0.1 for
example, the forward shock reaches the interface at
tbr = 5.1tc, (28)
and accordingly the total injected energy until the break-
out amounts to about five times larger than the kinetic
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Table 2. Numerical Values Characterizing the Supernova Ejecta and the Breakout Time
wc m n f3 f5 fbr wc m n f3 f5 fbr
0.1 0 9 2 2.222 2.71 0.3 0 9 2 2.232 2.722
0.1 0 10 2.1 2.5 3.049 0.3 0 10 2.1 2.503 3.052
0.1 0 11 2.182 2.727 3.326 0.3 0 11 2.182 2.728 3.327
0.1 0 12 2.25 2.917 3.557 0.3 0 12 2.25 2.917 3.557
0.1 1 9 1.5 2 4.585 0.3 1 9 1.5 2.008 4.603
0.1 1 10 1.556 2.222 5.094 0.3 1 10 1.556 2.225 5.099
0.1 1 11 1.6 2.4 5.501 0.3 1 11 1.6 2.401 5.503
0.1 1 12 1.636 2.545 5.835 0.3 1 12 1.636 2.546 5.835
0.1 2 9 0.8571 1.714 10.55 0.3 2 9 0.8572 1.72 10.59
0.1 2 10 0.875 1.875 11.54 0.3 2 10 0.875 1.877 11.55
0.1 2 11 0.8889 2 12.31 0.3 2 11 0.8889 2 12.32
0.1 2 12 0.9 2.1 12.93 0.3 2 12 0.9 2.1 12.93
energy of the ejecta,
Ltbr = 5.1Esn. (29)
4. HYDRODYNAMIC SIMULATION
The dynamical evolutions of the ejecta, the hot bub-
ble, and the relativistic wind after the breakout are dif-
ficult to treat in analytic ways. Thus, we carry out
two-dimensional hydrodynamic simulations to reveal how
they evolve and how the injected energy is distributed
throughout the ejecta. We use a two-dimensional special
relativistic hydrodynamics code developed by one of the
authors. The simulation employs cylindrical coordinates
(r, z). The numerical code solves equations governing the
temporal evolution of the density ρ, the velocity compo-
nents vr and vz along the r- and z-axes, and the pressure
p of the gas. The governing equations are given by
∂(ρΓ)
∂t
+
1
r
∂
∂r
(rρΓvr) +
∂
∂z
(ρΓvz) = 0, (30)
∂(ρhΓ2vr)
∂t
+
1
r
∂
∂r
(rρhΓ2v2r) +
∂p
∂r
+
∂
∂z
(ρhΓ2vrvz) = 0,
(31)
∂(ρhΓ2vz)
∂t
+
1
r
∂
∂r
(rρhΓ2vrvz) +
∂
∂z
(ρhΓ2v2z + p) = 0,
(32)
and
∂(ρhΓ2)
∂t
+
1
r
∂
∂r
(rρhΓ2vr) +
∂
∂z
(ρhΓ2vz) = 0, (33)
where the Lorentz factor Γ and the specific enthalpy h
are given by
Γ =
1√
1− v2r − v2z
, (34)
and
h = 1 +
γ
γ − 1
p
ρ
. (35)
Appendix B briefly describes the numerical method to
solve these equations.
4.1. Adaptive Mesh Refinement
Our code is equipped with an adaptive mesh refine-
ment technique (Berger & Colella 1989, see, Appendix
B) to better resolve tiny structures expected to appear
in later stages of the evolution of the ejecta. The coor-
dinates r and z cover the ranges of 0 ≤ r ≤ 4.8 × 1016
cm and −4.8 × 1016 cm ≤ z ≤ 4.8 × 1016 cm. The
whole computational domain is covered by 128×256 nu-
merical cells at the lowest resolution i.e., the refinement
level 0. When an AMR block needs a finer resolution,
four new blocks are generated to cover the coarse block,
realizing a resolution finer by a factor of two than the
coarse one. The maximum refinement level is initially
set to lmax = 10, achieving the minimum resolved size of
∆r = ∆z = 3.66× 1011 cm. The corresponding effective
number of numerical cells covering the computational do-
main is 32768× 65536.
4.2. Numerical Setups
We consider ejecta with an energy of Esn = 10
51 erg
and a mass of Mej = 10M. The energy injection rate L
is set to L = 1046 erg s−1, which leads to a characteristic
timescale of tc = 10
5 s. The initial time t0 is set to t0 =
0.1tc. The parameters specifying the density structure
of the ejecta are chosen as follows, wc = 0.1, m = 1, and
n = 10, which leads to the break velocity of wcvej = 3.8×
108 cm s−1. The initial density and velocity distributions
of the ejecta are given by Equations (1) and (2) with
t = t0 and R = (r
2 +z2)1/2. The pressure of the ejecta is
assumed to be sufficiently small so that it does not violate
the assumption of free expansion. Thus, we assume that
the pressure of the ejecta is 1% of the local kinetic energy
density,
p(t0, R) = 0.01ρ(t0, R)v(t0, R)
2. (36)
The energy and mass are deposited within the injection
radius Rin = 3 × 1012 cm. The energy injection lasts
until a total energy of Etot = 10
52 erg is deposited. In
8practice, the energy density and the mass density of the
numerical cells inside the radius are increased at every
time steps as follows,
∂(ρhΓ2)
∂t
=
L
Vin
, (37)
and
∂(ρΓ)
∂t
=
L
ΓcrVin
, (38)
where Vin is the total volume of the numerical cells inside
the injection radius Rin. The parameter Γcr specifies the
baryon richness of the injected gas and is set to Γcr = 20
in our simulation. Thus, the rest-mass energy of the
injected gas is much smaller than the internal energy.
The simulation follows the evolution of the ejecta from
t = 0.1tc to t = 20.0tc. The energy injection is termi-
nated at t = 10.1tc. After the termination of the energy
injection, we reduce the maximum refinement level by 1
to lmax = 9, so that we can follow the evolution of the
ejecta toward freely expanding stages at a reasonable nu-
merical cost. The outermost layer of the ejecta is initially
at R = 0.1vejtc = 3.8×1013 cm. The ejecta is surrounded
by a static gas whose density is inversely proportional to
the square of the radius. The collision of the ejecta into
the ambient medium leads to the formation of a couple of
shock waves, the forward and reverse shocks propagating
into the ambient medium and the ejecta. However, the
density of the ambient medium is assumed to be suffi-
ciently small so that it does not significantly affect the
dynamical evolution of the ejecta. Although the ambi-
ent gas is at rest in the simulation, it can be regarded as
a steady wind from the progenitor star with a constant
mass-loss rate M˙a and uniform velocity va. The normal-
isation of the density of the ambient gas adopted in the
simulation corresponds to a wind with M˙a = 10
−6 M
yr−1 for a wind velocity of va = 103 km s−1.
5. RESULTS
5.1. Evolution of the Shell and Bubble
5.1.1. Self-similar Stage
The spatial distributions of the Lorentz factor, the den-
sity, and the pressure of the ejecta at several epochs are
shown in Figures 1 and 2. First, we focus on the devel-
opment and expansion of a hot bubble in the self-similar
regime. At early stages, t = 3.0tc and 4.0tc, the freely
expanding ejecta and a hot bubble surrounded by a ge-
ometrically thin shell are clearly recognised. The shell
is composed of the ejecta swept by the forward shock
propagating in the ejecta. The contact discontinuity at
R = Rc separates the shell and the shocked relativistic
wind inside the shell. The hot bubble exhibits quite uni-
form pressure distributions as seen in the bottom panels
of Figure 1, which justifies our assumption in the self-
similar analysis that the pressure of the hot bubble is
given by averaging the thermal energy over the region
inside the contact discontinuity, R < Rc.
One can already see the development of the Rayleigh-
Taylor instability at the contact discontinuity, which stirs
matter inside the shell. In fact, the development of the
Rayleigh-Taylor instability is inevitable as long as the
ejecta is pushed by the hot bubble. As we have seen in
the previous section, the expanding hot bubble pushes
and accelerates the shell, resulting in the contact surface
growing faster than linear evolution, Rc ∝ tα with α >
1. Therefore, in the rest frame of the accelerating shell,
an inertial force acts on the shell toward the centre of
the ejecta, i.e., it can be regarded as effective gravity.
At the discontinuity separating the shocked wind and
the shocked ejecta, denser media are stratified on top of
dilute media and thus try to replace with the dilute ones
according to the effective gravity. At this stage, however,
the overall shape of the shell remains spherical.
5.1.2. Destruction of the Shell
The dynamical evolution of the shell starts deviating
from the one-dimensional picture at around t = 5.0tc.
The spatial distributions of the density and the pressure
at t = 6.0tc show clear deviations from spherical symme-
try. This is interpreted as leakage of the hot gas having
been confined by the shell. The time of the destruction
of the shell corresponds to the breakout time tbr = 5.1tc
at which the forward shock reaches the interface between
the inner and outer ejecta.
The reason why the hot bubble is well confined in the
shell until this epoch is explained as follows. While the
forward shock is still propagating in the inner ejecta, a
large deviation from the spherical symmetry is not ex-
pected because of the shallow density gradient of the in-
ner ejecta. As long as the exponent m is smaller than
3, the quantity ρR3, which has a dimension of mass, is
an increasing function of the radius R. Therefore, a fluid
element overshooting the shell would be subject to se-
vere mass loading, resulting in deceleration of the fluid
element. On the other hand, the density gradient of the
outer ejecta is assumed to be very steep, reflecting that
of the expanding envelope of the progenitor star. Thus,
after the forward shock reaches the interface between the
inner and outer ejecta, the confinement mechanism de-
scribed above does not work. The steep density gradient
of the outer ejecta allows the forward shock to efficiently
accelerate, which results in an amplification of the dis-
placement from the spherical shell. The acceleration of
the forward shock and the amplified deviation from the
spherical shell are seen in the spatial distributions of the
density and the pressure at t = 6.0tc in Figure 1.
Our simulation demonstrates that the time of the tran-
sition from the quasi-spherical shell into the blowing off
of the shell by the hot bubble can be predicted by the
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Figure 1. Spatial distributions of the Lorenz factor (upper panels), the density (middle panels), and the pressure
(bottom panels). The distributions at t/tc = 3.0, 4.0, 5.0, and 6.0 are shown from left to right.
breakout time tbr = 5.1tc obtained by the semi-analytic
consideration.
5.1.3. Leaking Hot Bubble
After the quasi-spherical shell is destroyed, the forward
shock driven by the pressure of the hot bubble immedi-
ately catches up with the outermost layer of the ejecta
and finally expels the stratified layers. At that time, the
pressure distribution within the hot bubble is no longer
uniform as seen in the distribution at t = 6.0tc and 7.0tc
in Figures 1 and 2. This is because the forward shock
now travels faster than the local sound speed of the gas
in the central region. The gas immediately behind the
forward shock front cannot communicate with the energy
injection region via sound waves. Thus, the assumption
of the uniform pressure distribution does not hold after
the breakout.
After the emergence of the hot bubble from the sur-
face of the ejecta, the ejecta are powered by the pressure
of the hot bubble, resulting in efficient mixing of the in-
ner and outer ejecta and the relativistic wind. At later
epochs, some low-density regions, which are filled with
10
Figure 2. Same as Figure 1, but for t/tc = 7.0, 8.0, 9.0, and 10.0 from left to right.
flows travelling at high Lorentz factors, Γ ∼ 5, appear
in the ejecta. These flows are composed of the relativis-
tic gas having experienced the reverse shock and again
accelerated at the expense of its internal energy. The
maximum Lorentz factors of these relativistic outflows
are roughly determined by the baryon richness of the in-
jected relativistic gas, Γcr = 20.
5.1.4. After the Termination of the Energy Injection
After the total energy of Etot = 10
52 erg has been de-
posited into the ejecta at t = 10.1tc, the energy injection
is terminated. The reverse shock in the relativistic wind
gradually moves inward in the absent of the energy in-
jection. The shock front finally reaches the centre of the
ejecta and the whole injected gas is shocked.
The spatial distributions of the Lorentz factor, the den-
sity, and the pressure at t = 20tc are shown in Figure 3.
At this time, the outermost layer of the ejecta reaches a
distance of ' 3 × 1016 cm from the centre. As a result
of the reverse shock reaching the centre, the hole in the
pressure distribution, which consists of unshocked rela-
tivistic wind and seen in the lower panels of Figure 2, dis-
appears. The disappearance of the unshocked relativistic
wind can also be recognised in the density distribution
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Figure 3. Spatial distributions of the Lorentz factor (left), the density (middle), and the pressure (right) at t = 20tc.
in Figure 3. However, the central region is still filled
with relatively dilute gas and surrounded by a shell-like
structure with higher densities. Highly relativistic flows
emanating from the central region are now travelling in
a distant region from the centre and they are gradually
decelerating by colliding into surrounding gas.
5.2. Comparison with Self-similar Solution
5.2.1. Self-similar Stage
We quantitatively compare results of our simulation
with the semi-analytic considerations assuming spheri-
cal symmetry. We identify the numerical cell with the
highest density (referred to as the “density peak”) and
plot the radius of the density peak as a function of time
in the upper panel of Figure 4. This is compared with
the temporal evolution of the radius of the contact dis-
continuity Rc, Equation (23). The radius of the density
peak well agrees with that of the semi-analytic estima-
tion not only for the exponent but also for the normali-
sation ξcA. This remarkable agreement proves that the
semi-analytic approach based on the self-similar solution
accurately captures the evolution of the quasi-spherical
shell well confined in the inner ejecta.
The lower panel of Figure 4 shows the temporal evo-
lution of the kinetic energy Ekin and the internal en-
ergy Eint. The kinetic energy of the ejecta is initially
Ekin = Esn = 10
51 erg, while the internal energy is
smaller than 10% of the kinetic energy. After the simu-
lation starts, the energy injection at the centre increases
both the kinetic and internal energies. As we have shown,
the self-similar solution predicts a linear increase in the
internal energy, Equation (20). Since the total injected
energy also increases in a linear manner, Etot = Lt, the
conservation of the total energy means that the kinetic
energy should evolve as follows,
Ekin = Esn +
(1 + 3α)(γ − 1)
1 + 3α(γ − 1) Lt, (39)
which is also a linear function of time. These tempo-
ral evolutions of the kinetic and internal energies are
plotted as dashed lines in the lower panel of Figure
4. The analytically obtained internal energy is slightly
lower than that in the numerical simulation at the self-
similar stage. This is because of the development of the
Rayleigh-Taylor instability inside the hot bubble. As we
have seen in the previous subsection, in the self-similar
stage, the contact discontinuity is subject to mixing due
to the Rayleigh-Taylor instability, while the overall shape
of the shell keeps spherical symmetry. The mixing in-
vokes downward motions of fluid elements and they dis-
sipate their kinetic energies by colliding with each other.
As a result of the additional heating, the semi-analytic
model underestimates the internal energy in the numer-
ical simulation.
5.2.2. After the Breakout
In Figure 4, the dashed lines are extrapolated to epochs
after the breakout. After the breakout of the hot bub-
ble from the shell, the numerically obtained kinetic and
internal energies do not agree with the values obtained
by the semi-analytic model. The internal energy tem-
porally stops increasing immediately after the breakout.
The evolution of the internal energy is governed by the
balance between the supply from the relativistic wind
through the reverse shock and adiabatic loss, Equation
(17). Since the energy injection from the central engine
is still ongoing, the saturation of the internal energy in-
dicates that the adiabatic loss becomes significant at this
stage. This is also supported by the spatial distributions
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Figure 4. Comparison between the self-similar solution
and the numerical simulation. In the upper panel, the
solid and dashed lines show the radius of the density
peak in the ejecta in the simulation and the shell ra-
dius in the semi-analytic model. In the lower panel, the
temporal evolutions of the kinetic and internal energies
are shown. The solid lines correspond to those obtained
in the simulation, while the dashed lines are predictions
from the semi-analytic model. The shaded area repre-
sents the self-similar stage.
shown in Figure 2. After the breakout, the ejecta blown
by the hot bubble rapidly expand into the interstellar
space. The expansion efficiently converts the internal
energy of the gas into the kinetic energy, resulting in the
temporal saturation of the internal energy.
5.2.3. After the Termination of the Energy Injection
The internal energy of the ejecta rapidly decreases after
t = 10.1tc, because of the terminated energy injection.
The internal energy has been supplied by the hot bubble
through the reverse shock as long as the central engine
is active. After the energy injection is terminated, the
ejecta is no longer pushed by the hot bubble. Although
collisions between fluid elements in the ejecta may con-
tribute to the heating of the ejecta even after the termi-
nation of the energy injection, the contrubution is not
sufficient to keep the internal energy growing. Thus, the
internal energy continues to decrease due to adiabatic
cooling. On the other hand, the kinetic energy contin-
ues to increase as the internal energy is lost. Although
the decrease in the internal energy in our hydrodynamic
simulation is due to adiabatic cooling, it can be lost via
radiative diffusion. How seriously the radiative diffusion
contributes to the energy loss and how much energy is
expected to escape into the interstellar space as radiation
will be discussed in the next section.
5.3. Radial Profiles
We calculate angle-averaged radial profiles of physical
quantities from snapshots of the simulation. We intro-
duce spherical coordinates (R, θ), where R is the dis-
tance from the centre (r, z) = (0, 0), R = (r2 + z2)1/2,
and θ is the angle measured from the symmetry axis,
θ = arccos(z/R). We divide the numerical domain into a
number of concentric shells with a width ∆R and calcu-
late the following integrations for a quantity Q over the
shells at various distances,
〈Q(R)〉 = 2pi
∆M
∫ R+∆R/2
R−∆R/2
∫ pi
0
QρΓr2 sin θdrdθ, (40)
and
∆M = 2pi
∫ R+∆R/2
R−∆R/2
∫ pi
0
ρΓr2 sin θdrdθ. (41)
In other words, the averaged values are mass-weighted.
Figure 5 shows the radial profiles of the 4-velocity along
the radial direction 〈ΓvR〉, the angular velocity 〈vθ〉, the
density 〈ρ〉, and the pressure 〈p〉. We again confirm that
the radial profile of the density is well represented by a
geometrically thin shell and the pressure inside the hot
bubble is almost uniform before the breakout. The radial
profiles of the 4-velocity 〈ΓvR〉 show that relativistic gas
injected at the centre travels at highly relativistic speeds
and decelerates at the reverse shock to a sub-relativistic
speed, which well agrees with the analytic value, vR '
1/3, Equation (13).
After the breakout, the hot bubble leaking from the
shell starts accelerating the outer ejecta, resulting in an
increase in the radial velocity. The 4-velocity of the out-
ermost layer of the ejecta reaches ΓvR ∼ 1. The profiles
of the angle-averaged angular velocity suggest that an-
gular velocities of most ejecta are much smaller than the
radial velocities of the corresponding layers.
Figure 6 shows the radial profiles of the radial velocity
〈vR〉, the angular velocity, the density and the pressure
at t = 20.0tc. Since the energy injection has been ter-
minated, no relativistic wind is seen in the profiles. The
dashed line in the top panel of Figure 6 indicates a radial
velocity profile proportional to the radius, vR ∝ R. The
linear relation well agrees with the numerically obtained
radial velocity profile, suggesting that the ejecta have al-
ready been freely expanding. In addition, the dashed line
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Figure 5. Radial profiles of the 4-velocity along the radial direction 〈ΓvR〉, the angular velocity 〈vθ〉, the density 〈ρ〉,
and the pressure 〈p〉 from top to bottom. The left panels show the profiles at t/tc = 3.0, 4.0, 5.0, and 6.0, while those
shown in the right panels are at t/tc = 7.0, 8.0, and 10.0.
plotted along with the density profile is a power-law dis-
tribution with an exponent −6, ρ ∝ R−6. The density
profile of the ejecta is well represented by the power-
law function. Furthermore, the angular velocity is much
smaller than the radial velocity at least in the power-law
part of the ejecta. Thus, the density distribution of the
ejecta in the velocity coordinate is also given by a power-
law function with the exponent, ρ ∝ v−6, from v ' 0.01
to v ' 1.
5.4. Mass and Energy Distributions
We define the following cumulative mass, kinetic en-
ergy, and internal energy distributions of the ejecta in
order to quantify how much mass and energy are dis-
tributed in different parts of the ejecta,
M(Γv) = 2pi
∫
>Γv
ρΓrdrdz, (42)
Ek(Γv) = 2pi
∫
>Γv
ρΓ(Γ− 1)rdrdz, (43)
and
Ei(Γv) = 2pi
∫
>Γv
(
γ
γ − 1Γ
2 − 1
)
prdrdz, (44)
where the integrations are carried out over fluid elements
with 4-velocities larger than Γv.
The distributions at several epochs are presented in
Figure 7. In each panel of Figure 7, one can recognise
a component represented by an almost flat distribution,
∝ (Γv)0 from Γv ∼ 1 to Γv ∼ 10. This corresponds to
the unshocked relativistic wind. On the other hand, in
low-velocity regimes, Γv < 0.01, the distribution again
shows a flat shape, which continuously connects with a
steeply declining part at around Γv ∼ 0.02-0.03. These
flat and steep parts represent the shell, which has a con-
siderable fraction of the mass and the kinetic energy, and
the outer ejecta surrounding the shell. The break veloc-
ity connecting the flat and steep parts gives a character-
istic velocity of the shell, which reasonably agrees with
(2Etot/Mej)
1/2 ' 0.03. After the breakout, the outer
ejecta expelled by the hot bubble exhibit quite shallow
kinetic energy distributions from Γv ∼ 0.03 to Γv ∼ 1,
which means that a non-negligible fraction of the total
energy has been deposited into the outer ejecta travel-
ling at sub-relativistic speeds through the expansion of
the hot bubble.
In the right panels of Figure 7, the dashed lines show
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Figure 6. Radial profiles of the radial velocity 〈vR〉, the
angular velocity 〈vθ〉, the density 〈ρ〉, and the pressure
〈p〉 at t/tc = 20.0 from top to bottom.
the mass and energy distributions at t = 20.0tc. Since
the energy injection has been terminated, the internal
energy of the ejecta has been reduced due to adiabatic
expansion. However, the overall shapes of the mass and
kinetic energy distributions from Γv = 0.01 to Γv = 1.0
remain almost unchanged from that at t = 10.0tc.
5.5. Photospheric Emission
We use the spatial distributions of the physical vari-
ables obtained by our simulation to identify the photo-
sphere located in the ejecta. The location of the pho-
tosphere generally depends on the viewing angle from
which the ejecta are observed. We define the optical
depth τ(t, R, θ) from the outer boundary of the numeri-
cal domain to the centre along a radial direction with a
fixed angle θ,
τ(t, R, θ) = κ
∫ Rout
R
ρ(t, R′, θ)dR′, (45)
where Rout is the outer boundary radius. Then, we define
the photospheric radius Rph as the radius at which the
optical depth is equal to unity, τ(t, Rph, θ) = 1. As a
result, the radius is expressed as a function of time and
the angle, Rph(t, θ). The opacity κ is assumed to be a
constant, κ = 0.1 cm2 g−1, for simplicity.
The rate of radiative energy loss through the photo-
sphere is estimated in the following way. Differentiating
the definition of the photospheric radius τ(t, Rph, θ), one
obtains the time derivative of the photospheric radius,
dRph
dt
= −
(
∂τ
∂t
)(
∂τ
∂R
)−1
= −1
ρ
∫ ∞
Rph
∂ρ
∂t
dR. (46)
From the continuity equation for spherically symmetric
flows, Equation (A10), the above equation yields the fol-
lowing expression,
dRph
dt
= vph − 2
ρph
∫ ∞
Rph
ρvR
R
dR, (47)
where vph and ρph are the velocity and the density at the
photosphere R = Rph.
We assume that the internal energy of the ejecta is
dominated by radiation. Thus, the radiation energy in
the ejecta is given by urad = 3p. As given in Equation
(47), the expansion of the photosphere generally delays
from the flow. Thus, the volume ∆V of the layer that
becomes transparent to photons within a short duration
from t to t+ ∆t yields,
∆V = 4piR2ph
(
vph − dRph
dt
)
∆t. (48)
Therefore, the radiation energy decoupling from the
ejecta per unit time within the duration can be estimated
to be
dE
dt
= urad
∆V
∆t
= 4piR2phurad
(
vph − dRph
dt
)
. (49)
This rate can be regarded as the isotropic luminosity
Liso of the photospheric emission when the light travel-
ling time across the photospheric radius is much smaller
than the timescale of the photospheric emission. In this
case, the assumption of short light travelling times is
marginally justified because the photospheric radii are
(5− 20)× 1015 cm, which corresponds to light travelling
times of the order of 105 s, at t ' 10tc = 106 s. Thus, we
use Equation (49) to estimate the isotropic luminosity
of the photospheric emission. Furthermore, the radia-
tion temperature at the photosphere can be estimated
by Trad = (3pph/ar)
1/4, where pph is the pressure at the
photosphere and ar is the radiation constant.
We calculate the photospheric radius and physical vari-
ables at the photosphere from several snapshots of our
simulations. The photospheric radius is given as a func-
tion of the angle θ. The left panel of Figure 8 shows
the photosphere at t/tc = 6.0, 10.0, 15.0, and 20.0. The
right panels of Figure 8 show the isotropic luminosity es-
timated by Equation (49), the radial velocity, and the
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Figure 7. Cumulative mass, kinetic energy, and internal energy distributions in the ejecta. from top to bottom. The
left panels show the distributions at t/tc = 3.0, 4.0, 5.0, and 6.0, while those shown in the right panels are at t/tc = 7.0,
8.0, 9.0, 10, and 20.0. The dash-dotted lines in the left panels show the initial distributions.
radiation temperature at the photosphere as functions of
the angle θ. The hot bubble is still inside the photosphere
until the breakout t = 5.1tc. The photospheric radius af-
ter the breakout is a very complicated function of the
angle θ, reflecting the mixing of the ejecta by the hot
bubble. Accordingly, the physical variables at the pho-
tosphere also exhibit significant fluctuations depending
on the angle. We can expect photospheric emission with
an average luminosity of the order of ∼ 1043−45 erg s−1
and radiation temperature of (2−10)×104 K when we as-
sume blackbody spectra, which are consistent with peak
luminosities and relatively blue spectra of SLSNe-I.
6. DISCUSSIONS
In this section, we discuss properties of the supernova
ejecta powered by the energy injection from the central
compact object.
6.1. Density Structure of Supernova Ejecta
In Section 5.3 and Figure 6, we have shown that the
radial density profile of the ejecta is well described by
a power-law function of the velocity v with an exponent
−6. This distribution is shallower than those of expand-
ing envelopes in normal SNe (from n = 9 to n = 12 as
assumed in our model), which is clearly a consequence
of the additional energy injection. The density distribu-
tion of freely expanding ejecta is a key to distinguishing
existing models of SLSNe and other extraordinary SNe.
In the following, we discuss how ejecta with such den-
sity structure form in the presence of the central energy
source. For simplicity, we restrict ourselves to the New-
tonian limit.
We consider the following idealistic case. In normal
SNe, the strong blast wave driven by a point explosion
is the only way to transport the explosion energy to the
outermost layer. As a result, only a small fraction of
the energy is deposited in the outer envelope, while the
inner ejecta posses the bulk of the energy, leading to
a steep kinetic energy distribution (Matzner & McKee
1999). In contrast to normal SNe, the central engine de-
posits an energy much larger than the supernvova ejecta
for a timescale much longer than the expansion timescale
of the ejecta. In our setting, the additional energy is in-
jected at a constant rate L. Therefore, if the energy
is continuously transferred throughout all the layers of
the ejecta without loss or stagnation, the kinetic energy
flux ρv3 of the ejecta powered by the energy injection
at a radius R0 roughly proportional to the energy flux
L/(4piR20). The presence of relativistic flows leaking from
the hot bubble makes the efficient energy transport pos-
sible. The flows can directly bring and deposit the ad-
ditional energy throughout different layers. Thus, the
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Figure 8. Photosphere (left panel) and physical variables at the photosphere (right panels) calculated from several
snapshots of the simulation. In each panel, solid lines show results obtained for t/tc = 6.0, 10.0, 15.0, and 20.0. In
the right panels, the isotropic luminosity, the density, and the radiation temperature at the photosphere are shown as
functions of the angle θ.
following relation,
4piR20ρv
3 ∝ L, (50)
is expected to hold for supernova ejecta with a sufficiently
long-term energy supply. In other words, the kinetic lu-
minosity of the flow is constant. This relation gives the
density distribution immediately after the ejecta are af-
fected by the energy injection. We denote the time when
the ejecta following this relation are created by t0. The
ejecta are not freely expanding at this time. As the ejecta
expand to the surrounding space, the density distribution
would gradually be modified. Our goal is to derive the
density distribution at the freely expanding stage.
We regard the radial velocity v as a Lagrangian coor-
dinate and derive the density distribution as a function
of v. We consider a concentric shell with inner and outer
velocity coordinates v and v + ∆v. The inner and outer
boundaries are located at R = R0(v) and R = R0(v+∆v)
at t0. The width ls of the shell is initially given by,
ls(t0) = R0(v + ∆v)−R0(v) ' dR0
dv
∆v, (51)
where the last expression is obtained for a sufficiently
small ∆v. The boundaries travel at the velocities v and
v + ∆v with time and reach R = R0(v) + v(t − t0) and
R = R0(v + ∆v) + (v + ∆v)(t − t0) at t. For t much
longer than t0, the initial radius R0(v) can be neglected
and the inner and outer radii are given by R ' vt and
R ' (v+ ∆v)t. The width ls of the shell at t can also be
approximated as follows, ls(t) ' t∆v. The density of the
shell at t can be calculated by dividing the mass of the
shell by the volume at t,
ρ(t, v) =
4piR0(v)
2ls(t0)ρ(t0, v)
4piv2t3∆v
. (52)
Using the relation (50) and Equation (51), the density is
written as follow,
ρ(t, v) ∝ L
4piv5t3
dR0
dv
. (53)
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The density is proportional to t−3, reflecting the free ex-
pansion as expected. How the density depends on the ve-
locity coordinate is determined by the factor v−5dR0/dv.
The inverse of the latter term dv/dR0 reflects the de-
pendence of the velocity on the radial coordinate at t0.
When the velocity is simply proportional to the radius
R0, v ∝ R0, the derivative is a constant dv/dR0 = Const.
and thus the density distribution is proportional to v−5.
On the other hand, when the velocity is a strongly grow-
ing function of the radius, e.g., v ∝ Rλ0 with λ  1,
the derivative dv/dR0 ∝ v(λ−1)/λ is almost proportional
to the velocity v, leading to ρ ∝ v−6. Therefore, when
the ejecta is powered by a constant energy injection and
its kinetic luminosity is independent of the radial coor-
dinate, the density structure of the ejecta at the free
expansion stage is described by a power-law function of
the velocity with an exponent between −5 and −6, de-
pending on the radial velocity profile before entering the
free expansion stage. Since the forward shock efficiently
accelerates as it propagates in the outer ejecta, the shock
velocity strongly grows with radius. Thus, density dis-
tributions close to the latter extreme case, ρ ∝ v−6,
is expected to be realized rather than the former case,
ρ ∝ v−5.
However, the above consideration may be too idealis-
tic. Although Equation (50) holds for the idealistic case,
the energy transfer all the way to the outermost layer of
the ejecta would not be so efficient. Thus, the kinetic
luminosity can decrease with R or v. From the results
of our simulation, we found that the radial kinetic lu-
minosity distribution slightly deviates from the uniform
distribution and is close to ∝ R−1. Thus, the density
profile in Equation (53) should be slightly modified as
follows,
ρ(t, v) ∝ t−3v−5R−10
dR0
dv
. (54)
In this case, any power-law velocity profile, v ∝ Rλ0 , leads
to a power-law density distribution with an exponent −6.
ρ(t, v) ∝ t−3v−6. (55)
This explains the reason why a simple power-law den-
sity distribution with an exponent −6 is realized in our
simulation.
In summary, power-law density distributions with ex-
ponents between −5 and −6 are expected to be realized
in these cases, depending on the profiles of the kinetic lu-
minosity and the radial velocity. Thus, the density slope
significantly shallower than normal SNe is one of the im-
portant properties of SNe powered by a central engine
lasting even after the breakout t > tbr. When the energy
injection is terminated before the breakout, t < tbr, the
subsequent dynamical evolution would be more similar
to a point explosion, resulting in a steeper density slope.
6.2. One-zone Radiative Diffusion Model
The behaviour of the photospheric emission can also
be obtained by applying the widely-used one-zone model
for supernova light curves first derived by Arnett (1980)
(see, also, Arnett 1996). The luminosity of the emission
evolves as
Lph(t) =
4pifLRph,0c
3κ
Eth,0
Mej
φ(t), (56)
where fL (' 2-3) is a numerical constant depending on
the density structure of the ejecta andRph,0 and Eth,0 are
the radius and the thermal energy of the ejecta when they
are created at t = t0. The dimensionless function φ(t)
(t > t0) introduced above governs the temporal evolution
of the bolometric luminosity and is given as follows,
φ(t) = exp
[
− t− t0
td
(
1 +
t− t0
2th
)]
, (57)
where td and th are the diffusion time of photons in the
ejecta and the expansion timescale.
From the calculations in the previous subsection, the
ejecta turn out to be well mixed with the hot bubble im-
mediately after the breakout time t = tbr due to the ac-
celeration of the forward shock in the outer ejecta, lead-
ing to the redistribution of the internal energy in the
ejecta. Thus, we can roughly regard the breakout time
t = tbr as the time of the creation of the ejecta having
been powered by the energy injection at the centre, i.e.,
t0 = tbr. In the following, we use the photospheric radius
Rph,br and the internal energy Eint,br at the breakout as
Rph,0 and Eth,0, both of which can easily be estimated
from the density profile of the supernova ejecta and the
semi-analytic model in the previous section. Even af-
ter the breakout, the internal energy gradually increases
with time until the energy injection is terminated (see
Figure 4). However, the maximum value of the internal
energy only differs from that at the breakout by a factor
of a few. The increase in the internal energy is due to the
dissipation of the kinetic energy of the relativistic wind.
Since the gas leaking from the hot bubble can directly
transport its energy outside the photosphere, it is un-
clear whether the dissipated energy really contributes to
the increase in the radiation energy after the breakout.
Therefore, we simply use the photospheric radius and
the internal energy at the breakout. The photospheric
radius Rph,br can be calculated from the optical depth,
Equation (45), for the density profile at time t = tbr,
Equation (2). Since the photosphere is still located in
the unshocked outer ejecta, we obtain
Rph,br = wcvejtbr
[
4pi(wcvejtbr)
2
(n− 1)κf3Mej + w
n−1
c
] 1
1−n
. (58)
Furthermore, Equation (20) gives the thermal energy at
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the breakout,
Eint,br =
2− γ
1 + 3α(γ − 1)fbrEsn. (59)
The radius and the thermal energy are found to be
Rph,br = 4.0 × 1014 cm and Eint,br = 1.5 × 1051 erg
for the parameters adopted in our simulation. Thus, the
luminosity at t = t0 yields,
Lph(t0) = 3.8× 1043fL erg s−1
×
(
κ
0.1 cm2 g−1
)−1(
Rph,br
4× 1014 cm
)
×
(
Mej
10 M
)−1(
Esn
1051 erg
)
. (60)
Taking fL = 2-3 (Arnett 1980), we obtain a luminosity
of the order of 1044 erg s−1, which again agrees with
bolometric luminosities of SLSNe-I.
Finally, we calculate the total radiated energy Erad.
We simply estimate the timescales of the emission as fol-
lows,
td =
κMej
cRph,br
, (61)
and
th =
Rph,br
vc
, (62)
where
vc =
√
2fbrEsn
Mej
, (63)
is the average velocity of the ejecta after an energy of
fbrEsn has been deposited. The integration of Equation
(56) with respect to time t from 0 to ∞ leads to the
total radiated energy Erad. The integration can be ap-
proximated as follows,
Erad =
∫ ∞
0
Lph(t)dt '
√
tdthLph(t0). (64)
Thus, emission at a luminosity of Lph(t0) lasts for a
timescale of
√
tdth = 2
−1/4c−1/2κ1/2f−1/4br M
3/4
ej E
−1/4
sn
= 9.6× 106 s
(
κ
0.1 cm2 g−1
)1/2
×
(
Mej
10 M
)3/4(
Esn
1051 erg
)−1/4
. (65)
The total radiated energy yields
Erad = 3.7× 1050fL erg
×
(
κ
0.1 cm2 g−1
)−1/2(
Rph,br
4× 1014 cm
)
×
(
Mej
10 M
)−1/4(
Esn
1051 erg
)3/4
. (66)
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Figure 9. Photospheric radius Rph,br (top panel), the
luminosity Lph(t) at t = t0 (middle panel), and the to-
tal radiated energy Erad (bottom panel) as functions of
the energy injection rate L. The solid, dashed, and dot-
ted lines in each panel correspond to models with ejecta
masses of Mej = 5, 10, and 20 M. The other free pa-
rameters characterizing the ejecta are fixed to be m = 1,
n = 10, wc = 0.1, and Esn = 10
51 erg.
For the parameters adopted here, the duration and the
total radiated energy of the emission are estimated to be
(tdth)
1/2 ' 1.1 × 102 days and Erad ' 1051 erg. There-
fore, a significant fraction of the internal energy is ex-
pected to be released as photons before being lost via
adiabatic expansion.
Figure 9 shows the photospheric radius Rph,br, the lu-
minosity Lph at t = t0, and the total radiated energy Erad
as functions of the energy injection rate L for different
ejecta masses, Mej = 5, 10, and 20 M. For smaller in-
jection rates, the breakout occurs at larger radii and the
emission becomes brighter, leading to an efficient con-
version of the injected energy to radiation energy. For
higher injection rates, L ∼ 1048−50 erg s−1, on the other
hand, the total radiated energy is only a small fraction of
the injected energy because the ejecta significantly suffer
SN EJECTA WITH A RELATIVISTIC WIND 19
from adiabatic loss.
6.3. Supernovae Powered by Central Engine
Our results indicate that the additional energy injec-
tion into supernova ejecta could result in two different
types of transients.
6.3.1. Superluminous Supernovae
As shown in Figure 9, lower energy injection rates lead
to high radiation efficiencies. The timescale of the release
of the thermal energy in the ejecta via radiative diffusion
and the luminosity of the emission are consistent with
those of SLSNe-I. In addition, different layers of the su-
pernova ejecta, which are supposed to be well stratified
initially, are mixed after the breakout of the hot bubble.
The spectral properties of the emission from the ejecta
should significantly be influenced by the mixing. Since
chemical elements are allowed to spread throughout lay-
ers with various radial velocities, the spectra would be
subject to severe line blending and become featureless,
which could also explain featureless spectra of SLSNe-I.
Mazzali et al. (2016) investigated the spectral forma-
tion in SLSNe-I by combining a simple ejecta model
with radiative transfer calculations. They assumed that
the density structure of the ejecta was represented by a
power-law function of the radial coordinate with an ex-
ponent −7 and found that their calculations well repro-
duced the spectra of several SLSNe-I around the max-
imum. Our simulation shows the radial density profile
characterized by a power-law function of the radial co-
ordinate with an exponent −6 (see, Figure 6) and we
have given a theoretical explanation for the density struc-
ture in Section 6.1. Our density profile is slightly shal-
lower, ρ ∝ R−6, rather than ρ ∝ R−7. Since Mazzali
et al. (2016) did not show results with different expo-
nents, it is unclear whether the power-law density distri-
bution realized in our simulation could reproduce spectra
of SLSNe-I. Nevertheless, our finding that single power-
law density distributions are realized in supernova ejecta
with an central energy injection can be used to better
constrain models responsible for SLSNe-I.
6.3.2. Broad-lined Ic Supernovae
On the other hand, models with high energy injection
rates can convert only a small fraction of the injected en-
ergy into radiation. This is mainly due to adiabatic loss.
Ejecta with higher energy injection rates experience the
breakout of the hot bubble at early epochs. The break-
out time tbr = fbrtc is much smaller than the timescale of
radiative diffusion, (tdth)
1/2, which means that most of
the injected energy is used for the expansion of the gas
before being released as thermal radiation. Therefore,
supernova ejecta with a high energy injection rate con-
sume the additional energy to increase its kinetic energy
instead of outshining brightly. As a consequence, these
ejecta are observed as supernovae with kinetic energies
of the order of 1052 erg. Furthermore, we can also expect
featureless spectra with significant line blending. These
properties agree with those of broad-lined Ic SNe, which
are closely linked with GRBs.
Recent radio observations have found broad-lined Ic
SNe whose properties are similar to SNe associated
with GRBs but without gamma-ray detection or bright
X-ray emission, such as SN 2009bb (Soderberg et al.
2010; Bietenholz et al. 2010; Pignata et al. 2011) and
2012ap (Margutti et al. 2014; Milisavljevic et al. 2015;
Chakraborti et al. 2015). These SNe are characterized
by bright radio emission, which is interpreted as syn-
chrotron emission from blast waves at velocities of 0.7c-
0.9c. Optical and radio observations of these events
indicate that a considerable amount of kinetic energy,
1049−50 erg, is coupled to the relativistic component of
the ejecta, suggesting relatively flat kinetic energy dis-
tributions. The presence of trans-relativistic ejecta led
the authors to conclude that they are SNe powered by
some central engine activity. In addition, these events
have a lot in common with an under-luminous class of
GRBs (low-luminosity GRBs), such as GRB 980425/SN
1998bw (Kulkarni et al. 1998; Galama et al. 1998), GRB
060218/SN 2006aj (Campana et al. 2006; Pian et al.
2006; Soderberg et al. 2006; Mazzali et al. 2006), and
GRB 100316D/SN 2010bh (Starling et al. 2011), with
respect to optical and radio properties. These radio-
loud SNe and low-luminosity GRBs exhibit no signature
of harbouring ultra-relativistic jets, suggesting that the
additional energy injection may be realized in a quasi-
spherical way rather than highly collimated jet injection.
The flat kinetic energy distribution obtained by our
simulation (see Figure 7) agrees with those of radio-
loud SNe and low-luminosity GRBs. Our simulation
only deals with an energy injection at a rate of L =
1046 erg s−1. However, since the hydrodynamic evolu-
tion can be scaled by a single timescale tc, similar kinetic
energy distributions must be realized even when higher
energy injection rates L ∼ 1049−50 erg s−1 are assumed.
In fact, radio observations of SN 2012ap suggest that
the radio-emitting ejecta is characterized by a power-
law density profile with an exponent −6 (Chakraborti et
al. 2015), which agrees with the density structure of the
ejecta realized in our simulation. This remarkable agree-
ment supports the possibility that quasi-spherical energy
injection into supernova ejecta at high injection rates can
produce broad-lined Ic SNe with trans-relativistic ejecta.
6.3.3. Possible Link between SLSNe-I and GRBs
In this scenario, similar energy injection mechanisms
are responsible for both SLSNe-I and broad-lined Ic SNe.
Since some broad-lined Ic SNe are associated with GRBs,
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this also suggests a possible link between SLSNe-I and
GRBs. This has already been pointed out by, e.g., Met-
zger et al. (2015). Very recently, spectroscopic observa-
tions of two SLSNe-I, LSQ14an and SN 2015bn in their
nebular phases by Jerkstrand et al. (2016) and Nicholl et
al. (2016a) revealed optical spectra reminiscent of those
of broad-lined Ic SNe, such as SN 1998bw, further sup-
porting the link between SLSNe-I and GRBs.
In addition, several follow-up observations of host
galaxies of SLSNe-I and GRBs suggest that they have
a lot in common, such as their preference for environ-
ments with low metallicity and high specific star forma-
tion rates (Neill et al. 2011; Lunnan et al. 2014; Leloudas
et al. 2015; Chen et al. 2016). The scenario described
above can naturally explain the similarities in explosion
sites of SLSNe-I and GRBs. Further observational stud-
ies would shed light on the progenitor system and the
physical conditions producing SLSNe-I and GRBs.
6.4. Implications for Properties of SLSNe
6.4.1. Power Source of Bright Emission and Early Light
Curve
In this study, we focus on the internal energy stored in
the ejecta until the breakout of the forward shock from
the photosphere located in the outer ejecta and regard
it as the potential power source of the bright emission
from SLSNe-I. The energy injection is suddenly termi-
nated at t = 10.1tc. We then estimate the luminosity
and the total radiated energy of the emission by us-
ing the Arnett’s model treating the diffusion of photons
throughout the ejecta under the one-zone approximation
(Arnett 1980). On the other hand, several studies pro-
vide more specific emission models. Kasen et al. (2016)
investigated supernova ejecta with an energy injection
from a magnetar at the centre of the ejecta. Their 1D
radiation-hydrodynamic simulations showed the forma-
tion of a geometrically thin shell. Based on the results
of their simulations and an analytic model, they calcu-
lated the temporal evolution of the emission powered by
the energy injection. In their analytic considerations,
they separately treat the internal energy deposited by
the forward shock in the outer ejecta and that stored in
the whole ejecta, which gradually diffuses out through
the ejecta. This scenario can explain SLSNe exhibiting
double-peaked light curves, such as SN 2006oz (Leloudas
et al. 2012), LSQ14bdq (Nicholl et al. 2015b; Nicholl &
Smartt 2016), and DES14X3taz (Smith et al. 2016). The
first peak is attributed to the former energy source, the
internal energy deposited by the forward shock into the
outer ejecta, while the second peak is explained by the
usual magnetar-powered emission whose energy source is
the internal energy deposited by the magnetar spin-down
into the ejecta. In their model, the former energy source
only contributes to a small fraction of the total radiated
energy.
On the other hand, our calculations in Section 6.2 do
not separately treat the internal energies in the inner
outer parts of the ejecta and assume that the internal
energy stored in the whole ejecta is released as radi-
ation within the emission timescale given by Equation
(65). We only consider the internal energy supplied by
the central engine until the breakout and ignore the tail
of the energy injection rate expected in the magnetar
spin-down scenario, which may underestimate the inter-
nal energy available for the bright emission. Although
the continuously injected energy even after the break-
out can contribute to the bright emission, our calcula-
tions suggest that the internal energy accumulated in
the ejecta before the breakout can account for the to-
tal radiated energy of 1051 erg for cases with low energy
injection rates, L ∼ 1046 erg s−1.
Our numerical simulation also demonstrates that the
breakout of materials powered by the energy injection
is even more drastic. The forward shock propagating in
the outer ejecta reaches sub-relativistic velocities before
emerging from the photosphere in the ejecta. The in-
jected energy is directly carried by the leaking hot gas
toward outermost layers. This leads to a remarkable con-
trast to the model by Kasen et al. (2016), where the early
emission from SLSNe is realized by photons diffusing out
of the well-stratified layers of spherical ejecta. The situa-
tion realized in our simulation is similar to the supernova
shock breakout in a collapsing massive star, although the
shape of the forward shock front significantly deviates
from spherical symmetry. Whether the ejecta are grad-
ually heated by photons from the shell or spontaneously
heated by the forward shock would affect the proper-
ties of the early emission from the ejecta, such as ris-
ing times, cooling rates, and so on. Recent photometric
and spectroscopic observations of the SLSN-I Gaia16apd
(Nicholl et al. 2016b; Kangas et al. 2016) found by the
Gaia survey showed prominent UV emission in the ear-
liest phase of the evolution. Our results suggest that
this UV emission may be attributed to the breakout of
the forward shock from the photosphere in the super-
nova ejecta. As shown in Figure 8, the isotropic luminos-
ity and the radiation temperature immediately after the
breakout, t = 6.0tc, reach a few 10
44 erg s−1 and ∼ 105
K, which suggests bright emission with an extremely blue
spectrum, although more sophisticated treatments of ra-
diative transport are required. In addition, the initial
phase of the supernova shock breakout emission is sensi-
tive to the geometry of the forward shock emerging the
photosphere and the viewing angle (Suzuki & Shigeyama
2010; Suzuki et al. 2016). Thus, early light curves and
spectra of SNe driven by central engines could provide
important information on the geometry of the forward
shock propagating in the outer ejecta.
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6.4.2. Late Time Behaviors
As shown in Figure 6, the density distribution after the
termination of the energy injection is well represented by
a single power-law function of the radial or the velocity
coordinate. Simple power-law density distributions pre-
dict continuous changes in the properties of the photo-
spheric emission, such as the photospheric velocity, the
colour temperature, and so on, as long as the photo-
sphere is still located in the power-law part. However, we
should note that a late-time energy injection may modify
the density structure. Although we suddenly stop inject-
ing energy into the ejecta, a gradually terminated energy
injection, which is expected in magnetar spin-down sce-
nario, may result in different distributions.
Recent spectroscopic observations of two SLSNe-I in
the nebular phase (Jerkstrand et al. 2016; Nicholl et al.
2016a) revealed that the nebular spectra were dominated
by prominent emission lines. Therefore, the ejecta should
be exposed to high-energy electrons and/or photons so
that the gas is kept ionized even at the nebular stage.
In normal SNe, radioactive decays of 56Ni and 56Co pro-
vide the ejecta with non-thermal electrons and gamma-
ray photons. However, SLSNe may not be powered by
the radioactivity. The energy injection from the central
engine would be realized in the form of relativistic parti-
cles and high-energy photons in the same way as pulsar
winds. The late-time activity of the central engine and
the density structure of the ejecta are therefore of signif-
icant importance in explaining the ejecta in the nebular
stage and better constraining existing model for SLSNe-
I.
6.4.3. High-energy Radiation Signatures
The breakout of the forward shock from the supernova
ejecta is probabily followed by the escape of high-energy
photons and particles into the interstellar space, which
may potentially distinguish central engine scenarios from
other scenarios for SLSNe-I. Metzger et al. (2014) con-
sidered the ionization structure of spherical supernova
ejecta illuminated by the powerful emission from a mag-
netized millisecond pulsar. Electrons and positrons cre-
ated and accelerated to high energies in the vicinity of
the neutron star could produce high-energy photons via
pair cascades, which can ionize the ejecta. The ioniza-
tion structure of the ejecta is determined by the balance
between ionization by high-energy photons and particles
and recombination of free electrons with ions. As the
ejecta expand, the decreasing ejecta density makes re-
combination less efficient and thus the ionization front
propagates outward in the ejecta. They argued that the
breakout of the ionization front from the ejecta could
give rise to bright X-ray or UV emission.
The multi-dimensional ejecta structure due to the de-
velopment of the Rayleigh-Taylor instability influences
the efficiency of the escape of high-energy particles from
the ejecta. As we have shown in Figure 2 and discussed
in Section 5.1.3, materials leaking from the hot bubble
accelerate outside the shell and their Lorentz factors can
be well above unity depending on the injection condi-
tion of the relativistic wind. This “shredding” of the
ejecta by the hydrodynamic instability has already been
pointed out by Arons (2003), who studied ultrahigh-
energy cosmic-rays produced by magnetar activities and
their leakage from the surrounding supernova ejecta.
The multi-dimensional structure with low-density
channels tends to help high-energy particles escape eas-
ily from the surrounding medium because these particles
can stream through the channels and propagate farther
than the case of well-stratified ejecta. In other words,
the mean free path of high-energy particles can effec-
tively be enhanced due to the patchy density structure.
However, it is important to note that channels in the
ejecta are curved and twisted and thus a particle trav-
elling along a straight trajectory in a channel easily hits
the wall of the channel. This means that the shredded
ejecta can enhance the mean free path of the species of
interest only up to the physical scale of the channel. Once
the mean free path of the species for an averaged density
becomes much longer than the physical scale of the chan-
nels, the shredded ejecta are unlikely to greatly affect the
escape fraction of high-energy particles. Therefore, how
efficiently the multi-dimensional effect can enhance the
transparency of the ejecta to high-energy particles sig-
nificantly depends on the physical scale of the channels.
The linear analysis of the Rayleigh-Taylor instabil-
ity predicts that perturbations with shorter wavelengths
grow faster (e.g. Chandrasekhar 1961). In supernova
ejecta, several effects of radiative transport, such as the
radiative diffusion length, determine the shortest unsta-
ble wavelength (Chevalier & Klein 1978). Since our sim-
ulation does not treat radiative transport, the minimum
physical scale must be set by the resolution of the simu-
lation. Channels with smaller physical scales can be real-
ized in simulations with higher resolutions. Furthermore,
future 3D simulations may reveal ejecta structure with
different morphology and channels with different size dis-
tributions. Therefore, the minimum physical scale deter-
mined by the radiative transport effects and the com-
parison with the mean free path of high-energy photons,
electrons, positrons, and ions should be studied in detail
to quantitatively determine the escape fraction of these
particles and the ionization states of different layers of
the ejecta.
We may expect the possibility that these highly rel-
ativistic flows are predominantly composed of cold lep-
tons and baryons and they dissipate their kinetic energies
through shocks outside the photosphere, leading to flare
activities associated with the dissipation and character-
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ized by high-energy emission with non-thermal spectra.
Since the flows are driven by the energy injection from
the relativistic wind, the energy flux of each relativistic
flow is basically determined by that of the relativistic
wind. Thus, the isotropic luminosity of the high energy
emission would be of the order of the energy injection
rate at the centre, L.
6.5. Implications for Magnetar Spin-down Scenario
In this study, we simply inject energy into the super-
nova ejecta at a constant rate and do not assume any
specific mechanism responsible for the energy injection.
In the following, we briefly mention implications for the
magnetar spin-down scenario.
We consider a neutron star with typical values of the
radius Rns = 10 km and the moment of inertia Ins ∼ 1045
g cm2. The rotational energy of the neutron star is given
by Erot = InsΩ
2
i /2, where Ωi is the initial frequency.
Therefore, in order for the neutron star to deposit a total
energy of the order of 1052 erg, it should be rotating at
an initial frequency of Ωi ∼ 4 × 103 s−1, corresponding
to an initial period Pi = 2pi/Ωi of the order of 1 ms.
In the magnetar scenario, the rotational energy is lost
via magnetic dipole radiation. For a given dipole mag-
netic field strength B, the neutron star loses its rota-
tional energy at a spin-down rate of L ' Erot/tch (e.g.
Shapiro & Teukolsky 1983) at t < tch. The timescale tch
characterizing the energy loss is given by
tch =
6Insc
3
B2R6nsΩ
2
i
= 4.1× 103Ins,45B215R6ns,6P 2i,−3 s. (67)
The physical quantities are expressed by Q = 10nQn in
cgs units. Until the characteristic time, t < tch, the spin
down of the neutron star deposits the rotational energy
at a rate,
L ' B
2R6nsΩ
4
i
6c3
∼ 1049B215R6ns,6P−4i,−3 erg s−1. (68)
Therefore, strong magnetic field strengths of the order
of B = 1015 G, which are typical for Galactic magne-
tars, yield energy injection timescales of 103 s. In our
model, energy injections with such high rates lead to
radiatively inefficient explosions, which are supposed to
produce transients like broad-lined Ic SNe. On the other
hand, in order to produce radiatively efficient explosions
or SLSNe-like transients, the magnetic field strength
should be 1013-1014 G. The same conclusion had been
reached by Metzger et al. (2015), who considered the
magnetar scenario by a one-zone model with energy sup-
plies from the magnetar spin-down and the radioactive
decay of 56Ni and energy losses via adiabatic cooling and
radiative diffusion.
6.6. Other Remarks
Finally, we describe some remarks and future
prospects.
First, the presence of the symmetry axis in our simula-
tion would affect the dynamical evolution of the ejecta.
As shown in Figures 1 and 2, the deviation from the
spherical symmetry is most prominent around the sym-
metry axis at r = 0. At the axis, collisions of incom-
ing and reflected flows produce large perturbations, from
which the Rayleigh-Taylor instability efficiently develops.
As a result, the forward shock emerges from the super-
nova ejecta in a bipolar fashion. This is inevitable as long
as we perform two-dimensional simulations. In three-
dimensional simulations without any preferred direction,
deviations from spherical symmetry would equally grow
along all radial directions. In addition, the growth of
the Rayleigh-Taylor instability may differ in the pres-
ence of magnetic fields (e.g. Stone & Gardiner 2007). In
the context of pulsar wind nebulae, multi-dimensional
numerical modellings of the wind-ejecta interaction have
been attempted (e.g. Komissarov & Lyubarsky 2003; Del
Zanna et al. 2004). Porth et al. (2014) performed both
two- and three-dimensional relativistic magnetohydrody-
namics simulations. They clearly demonstrated the non-
linear development of the magnetic Rayleigh-Taylor in-
stability. However, it is difficult to compare the power
spectra of the magnetic field in the three-dimensional
simulation with those of two-dimensional counterparts
because of the limited resolution. Thus, further sophis-
ticated numerical investigations are strongly demanded.
We should also consider the possibility that bipolar struc-
ture is realized in reality. In the magnetar scenario, the
energy injection is due to the magnetic dipole radiation,
which is anisotropic in nature. Recent spectroscopic ob-
servations of SLSN-I 2015bn by Inserra et al. (2016) re-
ported the detection of significant polarisation at both
pre- and post-maximum stages. They pointed out the
possibility that the energy injection is realized in a simi-
lar manner to broad-lined Ic SNe associated with GRBs.
Next, the coupling between gas and radiation should
be treated in a more sophisticated way. At early stages
of the dynamical evolution of the ejecta, the shock wave
propagates in sufficiently dense media. Thus, the as-
sumption of the strong coupling between gas and radi-
ation is appropriate. After the breakout of the forward
shock, however, photons having been coupled to gas can
be efficiently advected to outside the photosphere by the
flows driven by the leaking hot bubble. Then, the radia-
tion pressure no longer pushes the outermost layer of the
ejecta. This effect is not treated in our simulation em-
ploying an ideal gas law with an index 4/3. Radiatively
cooling shock waves are known to be subject to a num-
ber of instabilities (Badjin et al. 2016). Furthermore,
as we have noted in the previous section, the breakout
emission from the forward shock emerging from the pho-
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tosphere highly depends on the geometry of the forward
shock. Multi-dimensional radiation-hydrodynamic simu-
lations would resolve these problems.
Roles of magnetic fields should also be investigated in
detail. In central engine scenarios, the presence of strong
magnetic fields is essential in extracting the rotational
energy of the compact remnant embedded in supernova
ejecta. Specifically, in the magnetar scenario, the spin
down of a magnetar via magnetic braking determines
the energy deposition rate. Furthermore, magnetic fields
may also play key roles in determining whether the en-
ergy deposition is realized in a quasi-spherical or a highly
aspherical way, as demonstrated by Bucciantini et al.
(2008, 2009).
As we have demonstrated by our simulation, the pro-
cess redistributing the energy injected at the centre
throughout the supernova ejecta is multi-dimensional by
nature. This strongly indicates that further sophisti-
cated numerical investigations on supernova explosions
with central engine activities are required for the ulti-
mate understanding of extraordinary SNe.
7. SUMMARY
In this paper, we consider the hydrodynamical evo-
lution of supernova ejecta with energy injection from a
central compact object. The supernova ejecta considered
in this study have the inner and outer parts with shal-
low and steep density gradients. The energy injection is
realized as a relativistic wind. The collision between the
wind and the ejecta creates a couple of shock waves, the
forward and reverse shocks, which efficiently convert the
kinetic energy of the relativistic wind into the internal
energy of the shocked gas. The dissipation of the kinetic
energy leads to the formation of a hot bubble pushing
a geometrically thin shell. Early stages of the dynam-
ical evolution of the shell can be described by a self-
similar solution. At later stages, on the other hand, the
shell is subject to an efficient mixing due to the develop-
ment of the Rayleigh-Taylor instability and thus cannot
be treated analytically. We have performed a numer-
ical simulation of its hydrodynamical evolution by us-
ing our special relativistic hydrodynamic code equipped
with AMR. Our simulation follows the non-linear devel-
opment of the instability, through which the hot bubble
completely destroys the geometrically thin shell. As a
result, the hot bubble and the supernova ejecta are well
mixed. This process occurs immediately after the for-
ward shock reaches the interface between the inner and
outer ejecta and the moment of its onset can be predicted
by using the self-similar solution. The efficient mixing of
the injected gas and the ejecta and the subsequent redis-
tribution of the injected energy are not seen in studies
assuming spherical symmetry and make the dynamical
evolution of the ejecta qualitatively different from the
picture of the spherical shell stacking in a deep layer of
the ejecta. Therefore, the multi-dimensional effects on
the properties of the supernova ejecta and their poten-
tial to give rise to bright emission should be thoroughly
examined.
The material leaking from the hot bubble efficiently re-
distributes the energy injected at the centre throughout
the whole ejecta. Using spatial distributions of physical
variables obtained by our simulation, we calculate the
distributions of the mass, the kinetic, and the internal
energy of the ejecta after an energy 10 times larger than
the initial kinetic energy of the supernova ejecta has been
injected. Furthermore, we investigate properties of the
expected emission from the ejecta by identifying the pho-
tosphere in the ejecta. The luminosity and temperature
of the photospheric emission are estimated to be of the
order of 1044 erg s−1 and 104 K, which could explain the
high brightness and relatively blue spectra of SLSNe-I.
We apply the radiative diffusion model presented by Ar-
nett (1980) to estimate the energy lost from the ejecta as
radiation. When an energy injection rate of L = 1046 erg
is adopted, the total radiated energy is found to be 1051
erg, which also agrees with those of SLSNe-I. In addition,
outflows travelling at relativistic speeds may appear after
the breakdown of the shell as shown in Figure 2. These
highly relativistic outflows create low-density channels in
the ejecta, through which high-energy particles possibly
escape into the interstellar space. The resultant shred-
ded ejecta are a key to unveiling the escape fraction of
high-energy photons, electrons, positions, and ions prob-
ably produced in the vicinity of the central engine and
the ionization states of the ejecta.
We appreciate the anonymous referee for his or her
constructive comments, which helped us to improve the
manuscript. Numerical calculations were in part carried
out on the Cray XC30 system at Center for Computa-
tional Astrophysics, National Astronomical Observatory
of Japan. AS is supported by Grant-in-Aid for JSPS
Research Fellow (26·10618). The work by KM is partly
supported by Japan Society for the Promotion of Sci-
ence (JSPS) KAKENHI Grant 26800100 and by World
Premier International Research Center Initiative (WPI
Initiative), MEXT, Japan.
24
APPENDIX
A. DERIVATION OF THE SELF-SIMILAR SOLUTION
In this section, we derive the self-similar solution describing the propagation of a blast wave in freely expanding
ejecta with a power-law density profile. The dynamical evolution of a spherical blast waves propagating in a medium
in self-similar ways is a classical but important problem in astrophysics and has a long histroy. Thus, there are a lot
of studies focusing on this problem (e.g. Sedov 1946; von Neumann 1947; Taylor 1950; Chevalier 1982; Waxman &
Shvarts 1993; Jun 1998; Dokuchaev 2002; Masuyama et al. 2016) and one one can find how to solve such problems in
some textbooks or review papers (Sedov 1959; Zeldovich & Raizer 1966; Ostriker & McKee 1988; Barenblatt 1996).
A.1. Shock Jump Conditions
The position of the shock front in the supernova ejecta is denoted by Rs. The shock radius is assumed to be a
power-law function of time t with an exponent α,
Rs = At
α. (A1)
The shock velocity is given by differentiating the shock radius with respect to time t,
Vs =
dRs
dt
= α
Rs
t
. (A2)
The shock jump conditions for physical variables are given by the flux conservation in the rest frame of the shock. We
denote the post-shock values of the density, the velocity, and the pressure by ρf , uf , and pf . From the jump conditions,
we can express the post-shock values in terms of the shock velocity Vs and the pre-shock values ρej, uej, and pej as
follows,
uf =
2Vs + (γ − 1)uej
γ + 1
, ρf =
γ + 1
γ − 1ρej, pf =
2
γ + 1
ρej(Vs − uej)2. (A3)
Furthermore, the sound speed cs,f at the shock front is given by,
cs,f =
√
γpf
ρf
=
√
2γ(γ − 1)
γ + 1
(Vs − uej). (A4)
While the shock wave is propagating in the inner ejecta, whose density profile is given in Equation (2), the pre-shock
density at the shock front should evolve as,
ρej = Dt
m−3R−ms = A
−mDtδ, (A5)
with
D =
f3Mej
4pi
(ωcvej)
m−3, (A6)
and
δ = −αm+m− 3. (A7)
Since the ejecta are freely expanding, the pre-shock velocity is given by
uej =
Rs
t
= Atα−1. (A8)
Therefore, the post-shock values of the velocity, the sound speed, and the density are expressed as follows,
uf =
2α+ γ − 1
γ + 1
Atα−1, cs,f =
√
2γ(γ − 1)(α− 1)
(γ + 1)
Atα, ρf =
γ + 1
γ − 1A
−mDtδ. (A9)
A.2. Governing Equations
The equations of hydrodynamics for non-relativistic spherically symmetric flows are described as follows,
∂ρ
∂t
+
∂(ρv)
∂R
+
2ρv
R
= 0, (A10)
∂u
∂t
+ u
∂u
∂R
+
1
γρ
∂(ρc2s )
∂R
= 0, (A11)
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and
∂(ρ1−γc2s )
∂t
+ u
∂(ρ1−γc2s )
∂R
= 0. (A12)
We define the similarity variable ξ as the ratio of the radial coordinate to the shock radius,
ξ =
R
Rs
=
R
Atα
, (A13)
and the dimensionless velocity U , sound speed C, and density G, which are functions of the similarity variable, as
follows,
u = αAtα−1ξU(ξ), cs = αAtα−1ξC(ξ), ρ = A−mDtδG(ξ). (A14)
From the transformation of the independent variables from (t, r) to (t, ξ), the operators ∂/∂t and ∂/∂R appearing in
the equations of hydrodynamics are transformed into the following forms,
∂
∂t
→ ∂
∂t
− αξ
t
∂
∂ξ
,
∂
∂R
→ 1
Atα
∂
∂ξ
. (A15)
Using these relations, the equations of hydrodynamics can be transformed into the following ordinary differential
equations,
α(U − 1)d lnG
d ln ξ
+ α
dU
d ln ξ
+ 3αU + δ = 0, (A16)
α(U − 1) dU
d ln ξ
+ (αU − 1)U + αC
2
γ
[
2 +
d lnG
d ln ξ
+ 2
d lnC
d ln ξ
]
= 0, (A17)
and
α(1− γ)(U − 1)d lnG
d ln ξ
+ 2α(U − 1)d lnC
d ln ξ
+ 2(αU − 1) + (1− γ)δ = 0. (A18)
We further transform these equations before solving them. Equations (A16) and (A18) are combined to give the
following equation,
[2(1− α) + (γ − 1)δ] dU
d ln ξ
+ 2(3α+ δ)(U − 1)d lnC
d ln ξ
+ (2 + α− 3αγ)d lnG
d ln ξ
+ (6− δ + 3δγ)(U − 1) = 0, (A19)
which can be integrated to give the following relation between the dimensionless functions U , C, and G,
|1− U |2(1−α)+(γ−1)δC2(3α+δ)G2+α−3αγξ6−δ+3δγ = Const. (A20)
Therefore, the function G is obtained for a given set of U and C at ξ. Next, the elimination of d lnG/d ln ξ in Equations
(A17) and (A18) by using Equation (A16) with some algebraic manipulations yields
dU
d ln ξ
=
∆1
∆
,
d lnC
d ln ξ
=
∆2
∆
, (A21)
where
∆ = (1− U)2 − C2, (A22)
∆1 = U(1− U)
(
U − 1
α
)
+
(
3U − 2− 2α− δ
αγ
)
C2, (A23)
and
∆2 = (U − 1)
(
3γ − 1
2
U − 1
α
)
+
γ − 1
2
U
(
U − 1
α
)
+ C2 +
2(1− α) + δ(γ − 1)
2αγ
C2
1− U . (A24)
A.3. Boundary Conditions
The values of the dimensionless functions Uf , Cf , and Gf at the shock front ξ = 1 are found from the shock jump
conditions (A9),
Uf =
2α+ γ − 1
(γ + 1)α
, Cf =
√
2γ(γ − 1)(α− 1)
(γ + 1)α
, Gf =
γ + 1
γ − 1 . (A25)
We use these values as the initial values when we integrate the governing equations from ξ = 1.
Next, we consider the inner boundary conditions. Equation (A21) diverges when the denominator ∆ vanishes, i.e.,
U + C = 1. (A26)
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This condition divides the U -C plane into subsonic (U + C > 1) and supersonic (U + C <1) regions. In the subsonic
region, the characteristic velocity is higher than the shock velocity and thus information at a point in the post-shock
region can catch up with the shock front in a finite time. On the other hand, from any point in the supersonic region,
no information can affect the shock front.
The numerator ∆1 in the first of Equation (A21) should be zero at the same time when the condition (A26) is
satisfied so that the differential equations can be integrated successfully. We define the variables (Ucr, Ccr) satisfying
∆ = 0 and ∆1 = 0 simultaneously. Substituting Ccr = (1− Ucr) into ∆1 = 0, one obtains
Ucr(1− Ucr)
(
Ucr − 1
α
)
+ (1− Ucr)2
(
3Ucr − 2− 2α− δ
αγ
)
= 0. (A27)
A.4. Subsonic Solution
The following set satisfies Equation (A27),
(Ucr, Ccr) = (1, 0). (A28)
To find the solution corresponding to this set, we integrate the following equation from the shock front (Uf , Cf) to the
sonic point (Ucr, Ccr),
d ln(1− U)
d lnC
= − ∆1
(1− U)∆2 . (A29)
The integration can be performed in a straightforward way, because no singular point is located on the path of the
integration. At the same time, the reciprocal of the second of Equation (A21) is integrated from (ξ, C) = (1, Cf) to find
the value ξc of the similarity variable at the sonic point. Generally, ξc takes a non-zero value in the range 0 < ξc < 1,
which means that the solution is truncated at a certain point, Rc = ξcRf , between the origin and the shock front. This
radius is interpreted as the interface between the shocked ejecta and the shocked wind, i.e., the contact discontinuity,
where we impose a boundary condition.
Before introducing the boundary condition, we consider the asymptotic behaviour of the solution around ξ = ξc.
When ξ is close to ξc, (1 − U) and C are much smaller than unity. Thus, we approximate Equation (A29) under
1− U,C  1. Assuming that C2 approaches to zero more slowly than (1− U) when ξ → ξc, the leading terms in ∆1
and ∆2 are proportional to C
2 and C2/(1− U), respectively. Then, Equation (A29) can be approximated as follows,
d ln(1− U)
d lnC
' 2[2(1− α)− δ − 3αγ]
2(1− α) + δ(γ − 1) . (A30)
This expression can be integrated to give the following relation,
(1− U) ∝ C2β , (A31)
where
β = 1− γ(3α+ δ)
2(1− α) + δ(γ − 1) . (A32)
The exponent β is found to be larger than unity for parameters of interest, which justifies the assumption that C2
approaches to zero more slowly than (1 − U) when ξ → ξc. Instituting this relation into Equation (A20), one finds
that the following relation,
(C2G)2+α−3αγξ6−δ+3δγ = Const., (A33)
holds around ξ = ξc. Since C
2 vanishes at ξ = ξc, the dimensionless density G diverges to infinity. However, the above
relation shows that the product C2G, which is proportional to the pressure p = γc2sρ, approaches to a non-zero value
at ξ = ξc, which guarantees the finiteness of the pressure at the contact discontinuity. We define the dimensionless
pressure ηc at the contact discontinuity as the following limit,
ηc = lim
ξ→ξc
ξ2C(ξ)2G(ξ). (A34)
Using this quantity, which is found from the numerical integration of the governing equations, the pressure at the
contact discontinuity is expressed as follows,
pc = α
2γA2−mDηct2α+δ−2. (A35)
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The contact discontinuity connects the shocked ejecta and the shocked relativistic wind. Equating the pressure at
the bottom of the shocked ejecta, Equation (A35), and that of the hot bubble, Equation (21), one finds the expressions
of the exponent α and the normalisation constant A,
α =
6−m
5−m, (A36)
and
A5−m =
3(γ − 1)(2− γ)L
α2γ[1 + 3α(γ − 1)]ξ3cηc(ωcvej)m−3f3Mej
. (A37)
B. SPECIAL RELATIVISTIC HYDRODYNAMICS CODE WITH ADAPTIVE MESH REFINEMENT
In our simulations, we use a special relativistic hydrodynamics code developed by one of the authors. In this section,
we briefly describe the numerical code.
The code is an extension of the one-dimensional version presented in the previous paper (Suzuki & Shigeyama 2014).
We adopt the 3rd-order MUSCL scheme (van Leer 1977, 1979) for the spatial reconstruction and the HLLC scheme
to evaluate the numerical fluxes at cell surfaces (Mignone & Bodo 2005). We use the HLLC scheme presented by Toro
(2013) for non-relativistic problems. For the time integration, we adopt the 3rd-order TVD Runge-Kutta method
(Shu & Osher 1988).
Our AMR code is based on the so-called block-structured technique, in which a number of AMR blocks composed
of 8× 8 two-dimensional numerical cells cover the whole numerical domain. An AMR block (parent block) is divided
into 4 child blocks if the parent block needs higher resolution. Our refinement criteria are similar to those employed
by Fryxell et al. (2000). For a physical variable q, the following quantity is evaluated for a cell along each direction by
using qi at the cell and those, qi+1 and qi−1, at the neighbouring cells,
Eamr =
|qi+1 − 2qi + qi−1|
|qi+1 − qi|+ |qi − qi−1|+ amr|qi+1 − 2qi + qi−1| , (B1)
with amr = 0.01. We obtain the maximum value of this quantity among all the numerical cells in an AMR block and
determine whether the AMR block needs to be covered by child blocks or not, depending on the value. Practically, we
employ a threshold Emax = 0.8, above which finer resolution is required. On the other hand, when the values of all
the child blocks covering a parent block are smaller than another threshold Emin = 0.2, the child blocks are integrated
to the parent block. We usually use the density and pressure to calculate the quantity Eamr.
In the previous paper (Suzuki & Shigeyama 2014), we demonstrate that the one-dimensional version of our code
can successfully solve some test problems, the Sod’s shock tube problem, the Einfeldt’s strong rarefaction test, the
Sedov-Taylor point explosion test, and the relativistic shock tube problem. Thus, we show results of two-dimensional
test problems in the following.
B.1. Double Mach Reflection
This test, which was first proposed by Woodward & Colella (1984), deals with a strong shock wave reflecting at a
wall. The simulation is carried out in a two-dimensional cartesian space with 0 ≤ x ≤ 4 and 0 ≤ y ≤ 1. At the lowest
resolution, the numerical domain is covered by 128× 32 numerical cells. The maximum AMR level is set to lmax = 4,
which means that the numerical domain is effectively covered by 2048×512 numerical cells. The adiabatic index of the
gas is set to 1.4 in this test problem. Initially, a boundary at x = x0 + y tan(pi/6) with x0 = 1/6 separates a shocked
medium from an unshocked medium at rest. The shock is propagating in a direction with an angle of 30◦ from the
x-axis. Thus, the initial conditions for the physical variables are as follows,
(ρ, vx, vy, p) =
{
(8.0, 8.25 cos(pi/6),−8.25 sin(pi/6), 116.5) for x < x0 + y tan(pi/6),
(1.4, 0, 0, 1) for x ≥ x0 + y tan(pi/6).
(B2)
For the boundary at y = 0, the following condition is imposed to make the shock reflected,
(ρ, vx, vy, p) =
{
(8.0, 8.25 cos(pi/6),−8.25 sin(pi/6), 116.5) for x < x0 + (1 + 20t) tan(pi/6),
(1.4, 0, 0, 1) for x ≥ x0 + (1 + 20t) tan(pi/6),
(B3)
where t is the elapsed time. For the other boundaries, free boundary conditions are imposed.
Figure 10 shows the results of the test problem. The upper panel shows the spatial distribution of the density at
t = 0.25, while the lower panel shows the same distribution in grayscale and the structure of AMR blocks covering
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Figure B10:. Results of the double mach reflection test. In the upper panel, the colour-coded density distribution at
t = 0.25 is plotted. In the lower panel, the same distribution is plotted in grayscale and green boxes in the the plot
represent AMR blocks covering the numerical domain.
the domain at the time. After the simulation starts, the shock wave with a Mach number of 10 propagates in a static
gas and then reaches the reflecting wall. As a result, a two-dimensional self-similar flow is created. The result of this
test problem is widely known and our simulation well reproduces the result. Especially, our numerical code efficiently
follows the evolution of the discontinuities developing in the flow. As seen in the lower panel of Figure 10, which shows
the grid structure realized in the simulation, the shocked and unshocked regions without complicated structure are
covered by AMR blocks with the lowest resolution, while shock fronts are covered by AMR blocks with the highest
resolution.
B.2. 2D Special Relativistic Shock Tube
In this test, we consider the formation and propagation of relativistic shock waves in two-dimensional cartesian space
with −1 ≤ x ≤ 1 and −1 ≤ y ≤ 1. The numerical domain is covered by 128× 128 cells at the lowest AMR level l = 0.
The maximum refinement level is set to lmax = 4. Thus, the domain is effectively covered by 2048 × 2048 numerical
cells. The adiabatic index of the gas is set to 5/3. We impose the following initial conditions for the primitive variables,
(ρ, vx, vy, p) =

(0.1, 0, 0, 0.01) for x < 0 and y < 0,
(0.1, 0.99, 0, 0.1) for x < 0 and 0 ≤ y,
(0.1, 0, 0.99, 0.1) for 0 ≤ x and y < 0,
(0.5, 0, 0, 0.1) for 0 ≤ x and 0 ≤ y,
(B4)
and free boundary conditions for the boundaries in both x and y. After the simulation starts, the relativistic flows in
x and y directions create shock waves and they propagate into the flows. The same test problem is solved by several
authors (e.g. Del Zanna & Bucciantini 2002; Lucas-Serrano et al. 2004; Mignone & Bodo 2005). Results obtained by
our codes is shown in Figure 11, in which the colour-coded density distribution and the corresponding grid structure
are presented. We confirm that the results well agrees with earlier studies. We can also see in the right panel of Figure
11 that the shock fronts are efficiently covered by AMR blocks with higher resolution thanks to the AMR technique.
B.3. Relativistic Jet Propagation
This test is carried out with two-dimensional cylindrical coordinates (r, z), which cover a region with 0 ≤ r ≤ 12
and 0 ≤ z ≤ 36. The numerical domain is covered by 128× 384 numerical cells at the lowest level and the maximum
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Figure B11:. Results of the 2D special relativistic shock tube test. In the left panel, the color-coded density distribution
at t = 0.8 is plotted. In the right panel, the same distribution is plotted in grayscale and green boxes in the the plot
represent AMR blocks covering the numerical domain.
refinement level is lmax = 4. The adiabatic index of the gas is set to 5/3. A jet travelling at a relativistic speed
vz = 0.99 along the z-axis is continuously injected at the bottom. The initial conditions for the primitive variables are
as follows,
(ρ, vr, vz, p) =
{
(0.1, 0, 0.99, 0.01) for r < 1 and z < 1,
(1.0, 0, 0, 0.01) otherwise.
(B5)
The boundary condition at r < 1 and z = 0 is
(ρ, vr, vz, p) = (0.1, 0, 0.99, 0.01), (B6)
so that the jet injection is maintained. A reflecting boundary condition is imposed at the symmetry axis z = 0, while
free boundary conditions are imposed for the other boundaries. Figure 12 shows the evolution of the jet. The panels in
Figure 12 show spatial distributions of the density at several epochs. The jet propagates in a uniform ambient medium
with a density higher than the jet, creating a strong blast wave. In the shocked region, the Kelvin-Helmholtz instability
develops at the interface between the jet and the shocked ambient medium. As a result, the shocked gas is subject
to efficient mixing. The minimum scale of the structure created by the instability is determined by the resolution of
the simulation. Therefore, small structures created inside the jet are different from earlier studies dealing with similar
problems (Del Zanna & Bucciantini 2002; Lucas-Serrano et al. 2004; Mignone & Bodo 2005). Nevertheless, the overall
picture of the jet propagation reproduced by our simulation well agrees with theirs.
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